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FRACTURE M ECHANICS OF NON-SHEAR
REINFORCED R/C BEAMS

Irina K er elezova®, Thomas Hansen? and M. P. Nielsen®

ABSTRACT

A fracture mechanics analysis of the shear strength of non-shear reinforced concrete
beamsis carried out.

The starting point of the shear crack is determined by means of the crack dliding
theory. The crack path is determined by using the principal stress conditions of linear
fracture mechanics. Crack growth is calculated by a theoretical crack growth formula.
The formula is based on a non-linear two parameter fracture mechanics model and
gives apossibility to investigate the full crack development.

The numerical simulations are carried out using APDL (ANSY S Parameter Design
Language) programming language of the finite element package ANSY S.

The calculations seem to indicate that the final shear failure in the beams treated is not
a fracture mechanics problem. If this is a general trend is not yet clear. More
calculations have to be carried out.
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1 THE SHEAR CRACK PROBLEM

From experiments, it is a well-known fact that the shear crack path depends on the
size of the beam and on the shear span ratio. The critical shear crack can be an almost
straight line, a curved line, or in some cases beams collapse without forming a critical
shear crack. The position of the critical shear crack is also different and dependent on
many parameters.

In this paper the position of the critical shear crack is predicted using the crack sliding
theory [1]. Jin-Ping Zhang deduced the following criterion:
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Heref. isthe effective compressive strength of concrete, f; is the equivalent effective
tensile strength, Lo, h, X and a are geometrical parameters and may be seen in Figure
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Figure 1: Position of the critical shear crack
Crack diding theory is atheory of plasticity for non-shear reinforced beams. The Jin-

Ping Zhang formulais a condition for the equality of cracking load and load-carrying
capacity, see Figure 2.
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Figure 2: Condition for shear failure along critical shear crack



The cracking load is the load needed for formation of an arbitrary shear crack and the
load carrying capacity is the load needed for sliding failure through the crack. When
these loads are equal failure through acritical shear crack takes place.

One can see from experiments that the crack path of both the critical and the
secondary cracks closely follow the orientation of the principal stresses of the beam
without cracks. Figure 3 shows the principal stresses in a typica beam and the
experimental cracks. The experimental results are taken from [2].
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Figure 3: Principal stressdirection

For this reason, we follow the well-known method from linear elastic fracture
mechanics (LEFM), see for instance [4], using the principal stress criterion to
determine the crack path of the critical shear crack. This criterion is described by the
following equations:
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Here K, and K, are stress intensity factors for mode | and |1, respectively, 0. is the
angle between new and present crack direction, K. the critical stress intensity factor
for mode I, which is assumed to be a material constant. In these caculations K. was
put equal to 43.8 N/mm*?. Thisvalueis slightly lower than the value corresponding to
the Young's modulus and the fracture energy given below (56.8 N/mm>?). It was
verified that this difference had only insignificant influence on the calculated crack
path.



2 THEORETICAL MODEL FOR CRACK GROWTH

In this paper we use the crack growth formula proposed by the third author, cf. [3].
This formula is based on an energy balance equation leading to a simple fracture
mechanics model for crack growth of brittle and quasi-brittle materials. The equation
reads:

_awa,

%: da ou (3)
du GFb+aW(1+alej
oa oa

This equation is afirst order differential equation for the crack length, a, as a function
of the displacement, u, in a displacement controlled system. In the equation, W is the
strain energy of the system, Gr the fracture energy, and b the thickness of the plane
model.

The theoretical model is illustrated in Figure 4. Here the physical meaning of the
effective length, |, the length of the process zone, a,, and the approximate process
Zone, a'p, according the present model, is shown. The coordinate, X, is measured along
the crack, f; is the tensile strength and the parameters, w, and w, are crack opening
displacements. The length of the approximate process zone, a'p, is obtained by an
Irwin type equilibrium calibration. The effective crack length, a + ls, has been
determined by approximate energy considerations leading to amost the same result as
the Irwin crack length correction, see[7].
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Figure 4: The crack growth model



Theresult from [3] is:

. 04K?
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In the crack growth formula the derivative, 60W/oa, should be calculated for the
effective crack length, a + le.

The mode is a simple extension of linear eastic fracture mechanics using two
fracture parameters, namely: the tensile strength, f;, and the fracture energy, Gr . The
strain energy may be calculated from a series of linear elastic solutions for different
crack lengths. The numerical solution of Equation (3) is easily performed using for
instance the Runge-K utta technique.

Regarding the use of (3) in symmetrical crack growth cases (mode 1) in plain concrete
beams, see [5] and [6].

3 NUMERICAL MODEL, RESULTSAND COMPARISONS

The two beams treated have been taken from atest series described in [2]. The beams
are named beam 5 and beam 8, respectively. All beams had rectangular section, depth
320 mm and width 190 mm. The reinforcement was 2 @26 mm (reinforcement area As
= 1062 mm?). The effective depth was 270 mm.

The average cube strength for all beams was 35 MPa. The tensile strength, f;, and the
Y oung's modulus, E, were not measured in this particular test series. In [5] the tensile
strength used in the crack growth formula was 25 % higher than the standard tensile
strength, which we shall aso follow here. Using traditional empirical formulae, we
find that the tensile strength, f;, may be set to 3.74 MPa and the Y oung’s modulus to
33700 M Pa. For the reinforcement we use the Young's modulus 2 - 10° MPa.

The loading arrangement was two symmetrical concentrated forces on simply
supported beams.

For numerical simulations of the present theory, the finite element program ANSYSis
used. First, we need to determine the position of the critical shear crack and the crack
path along the beam depth. The critical shear crack position in the bottom face is
calculated using Equation (1). The longitudinal reinforcement is linear elastic and
modelled with either a spring finite element or with a so-caled bar element. The
stiffness of the spring was calculated on the basis of empirical formulae for crack
spacing. When bar elements were used, the bars were normally anchored in the
midpoints between two neighbour cracks with no bond between concrete and steel
between the anchor points.

The following results are based on the spring model. To obtain a more realistic
modelling of the cracked beam some other prescribed cracks have been added to the
beam. Figure 5 shows the model of beam 5.
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Figure5: Initial position of the critical shear crack for beam 5 and prescribed cracks
(measurements in mm)

The reinforcement ratio has a great influence on the crack growth. If the beam is
without any reinforcement, the crack grows along an amost vertical line like a
bending crack. With increasing reinforcement ratio the crack path becomes more and
more curved. In Figures 6 and 7 two cases are shown. The first one (Figure 6) is with
reinforcement ratio zero and the second one is with the actual reinforcement, As =
1062 mmn,

The experimental crack pattern for beam 5 is the one shown in Figure 3.
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Figure 7: Calculated critical shear crack path for beam 5

The next step is calculation of the elastic energy, W, as afunction of the crack length,
a. The APDL (ANSYS Parameter Design Language) programming language of the
finite element package ANSY S has been used. These macros calculate elastic strain
energy for different crack lengths.



In the experimental data in [2], no information is given for concrete fracture energy.
The fracture energy has been taken as Gg = 0.0957 N/mm, atypical vaue used in [6].
The energy curve, i.e. the elastic energy, W, for half the beam as a function of the
crack length, a, has been shown in Figure 8 for beam 5.

When the energy curve is known the differential equation, cf. Equation (3), may be
solved using the Runge-Kutta technique. This calculation gives us the crack length as
afunction of the deflection, u, at the concentrated force. Then the force as a function
of u may be calculated. It should be noticed than when solving Equation (3), the term,
1+ dl/da, in the denominator has been disregarded.
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Figure 8: Energy, W, asafunction of crack length, a, for beam 5

Some results for beam 5 with initial crack length 41 mm are shown in the Figures 9 —
14 for 3 different tensile strengths f; = 3.74 MPa, f; = 2.99 MPa and f; = 4.49 MPa.

The results are particularly interesting compared to the results in [5] and [6], because
after some crack growth the denominator in Equation (3) becomes zero, which means
that da/du = oo.

Putting the denominator equal to zero is equivaent to the Griffith criterion for
unstable crack growth. In regions where the denominator is zero the crack growth is
treated as a pure Griffith problem indicated by a dotted line in the figures.
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Figure 10: Crack length as afunction of deflection for beam 5, f;
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Figure 12: Crack length as a function of deflection for beam 5, f;
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Figure 14: Crack length as a function of deflection for beam 5, f;



From the figures it appears that there is a dramatic snap-back effect in the load-
deflection curves.

The load-carrying capacity reported in [2] (haf the total load) is around 70 kN for
beam 5. Thisis very close to the calculated value for f; = 2.99 MPa.

For beam 5 the shear span/effective depth ratio was 3.0. We now turn our attention to
beam 8, for which the shear span/effective depth ratio was 6.0. The calculations have
been carried out in exactly the same way as for beam 5, i.e. with the same materia
data and the same initial crack length.

Figure 15 shows the calculated shear crack path, the observed crack pattern at failure,
the prescribed cracks including the position of the starting point of shear crack (initial
crack) and finally the energy curve.

Figures 16 — 21 show load-deflection curves and crack length curves for beam 8 for
the same values of the tensile strength as for beam 5.

We have again a dramatic snap-back, but for this beam the load increases again after
the snap-back.

The experimental failure load was about 62 kN, which this time is more than twice the
maximum load read off the fracture mechanics results.
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Figure 15: Beam 8. a) Calculated shear crack. b) Observed crack pattern at failure. ¢) Prescribed cracks
and starting point of shear crack (initial crack). d) Energy curve

12



<
=
=
o
=
° =
x =
8 £
= =
o 0O
.
1 1 1 1 1
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ e
| | i 1 i
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ M. L __________
| | | | i
| L | | |
| o | | |
| $ | | |
| e | | |
\\\\\\\ . .
| AN | | I
| | %Y | | |
| | . | | |
| | O | |
| | %o b | |
\\\\\\\ . W N Iy
| | P\ | |
| | ,‘ | |
| | | |
| | | | |
| | | | |
\\\\\\\ AL _____
| | | | i
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ .
| | | I
| | | ) |
| | | | |
| | | | |
| | | | |
\\\\\\\ L (. S
| | | | |
| | | | |
| | | | |
| | | |
| | | | |
\\\\\\\ e .
| | | I |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
T T T T T
o o o o o o o
o o o o o o
o o o o o o
o Lo o Lo o o
™ N N - —

u [mm]

3.74 MPa

Figure 16: L oad-deflection curve for beam 8, f;

Crack growth

Griffith

.

700

u [mm]

3.74 MPa

Figure 17: Crack length as a function of deflection for beam 8, f;

13



<
=
=
o
=
° =
x =
8 £
= =
o 0O
.
1 1 1 1 1
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ e
| | i 1 i
| | | | |
| | | | |
[I— | | | |
| | | | |
\\\\\\\ Mo b __________
| | | | i
| al | | |
| o | | |
| \ | | |
| . | | |
\\\\\\\ .
| I N | | I
| | ‘. | | |
| | e | | |
| | L | |
I I o1, I I
\\\\\\\ N,
| | 1% | |
| | \ | |
| | | |
| | | | |
| | | | |
\\\\\\\ O S, S H N B
| | | | i
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ .
| | | I
| | | ) |
| | | | |
| | | | |
| | | | |
\\\\\\\ L (. S
| | | | |
| | | | |
| | | | |
| | | |
| | | | |
\\\\\\\ e .
| | | I |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
T T T T T
o o o o o o o
o o o o o o
o o o o o o
o Lo o 0 o n
(32} N N - —

u [mm]

2.99 MPa

deflection curve for beam 8, f;

Figure 18: Load

Crack growth

Griffith

.

700

u [mm]

2.99 MPa

Figure 19: Crack length as afunction of deflection for beam 8, f;

14



<
=
=
o
=
° =
x =
8 £
= =
o 0O
.
1 1 1 1 1
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ e
| | i 1 i
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ M. L _____\______
| . | | | i
| e, | | | |
| ol | | |
| + | | |
| Je | | |
\\\\\\\ .
| AN | | I
| | %Y | | |
| | . | | |
| | O | |
| | %o b | |
\\\\\\\ o NS L
| | P\ | |
| | ,‘ | |
| | | |
| | | | |
| | | | |
\\\\\\\ N ____
| | | | i
| | | | |
| | | | |
| | | | |
| | | | |
\\\\\\\ L
| | | I
| | | ) |
| | | | |
| | | | |
| | | | |
\\\\\\\ L (N S
| | | | |
| | | | |
| | | | |
| | | |
| | | | |
\\\\\\\ e .
| | | I |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
T T T T T
o o o o o o o
o o o o o o
o o o o o o
o Lo o 0 o o
(32} N N - —

u [mm]

4.49 MPa

Figure 20: Load-deflection curve for beam 8, f;

Crack growth

Griffith

.

700

u [mm]

4.49 MPa

Figure 21: Crack length as afunction of deflection for beam 8, f;

15



4 CONCLUSION

According to the fracture mechanics solutions, the displacements in the already
formed crack are assumed not to give rise to any stresses in this part of the crack,
when the crack length isincreasing.

According to the crack dliding theory, the crack in transformed into a yield line at
failure and the whole crack is assumed to contribute to the dissipation. Thus the crack
dliding theory explains why the fracture mechanics results for beam 8 are in complete
variance with the experimenta failure load. The agreement found for beam 5 must
then be considered accidental. Indeed when the crack is curved mode | displacements,
in the already open crack, are not possible while for amore or less straight crack they
would be more likely to develop. This fact may explain the difference in behaviour
between beam 5 and beam 8.

It should aso be remarked that the fracture mechanics load-deflection curves do not
agree with experimental curves. In some cases the shear failure is indeed very brittle,
but a dramatic snap-back as found above has never been reported.

We may conclude that fracture mechanics may be used to determine the shape of the
shear crack. Its position and the failure load must be determined by the crack sliding
theory. However, before any final conclusion about this matter can be drawn, more
calculations have to be carried out.
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