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ABSTRACT

The shear strength of beams is analysed by the truss analogy
with variable strut inclination. The web crushing criterion is
derived as a solution satisfying equilibrium. If the materials
are assumed to be perfectly plastic, the web crushing criterion
is also an upper bound, corresponding to a failure mechanism
with vertical deformations only. The solution is compared with
experimental evidence and with the design rules of building
codes, particularly the CEB Model Code. ’
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INTRODUCTION

The purpose of a beam is to transfer a load from its point of
application to the support. This transfer causes diagonal ten-
sion cracks in the concrete, and unless the load is close to
the support (compared with the beam depth) this means that the
load will rest on the longitudinal reinforcement. If no coun-
termeasures are taken, the reinforcing bars will be torn out of
the concrete, and we get the type of failure shown on Fig.l.
A'diagonal crack runs from the load to the reinforcement and
then splits the beam along the reinforeing bars. This diagonal
tension failure should be avoided for two reasons. Firstly, it
may occur at a load which is considerably lower than the flex-
ural capacity of the beam. Secondly, it is a sudden failure

which may cause disastrous collapse.

Diagonal tension failure may be preventéd if the longitudinal
bars are supported by an additional web reinforcement. Usually
this shear reinforcement consists of closed stirrups encasing
the longitudinal reinforcement and.bent around the top bars or

otherwise anchored in the compression zone.

Since the turn of the century, the action of the web reinforce-
ment has been studied by hundreds of shear tests and dozens of
theoretical investigations. Most of the latter are based upon
the truss analogy, introduced by RITTER in 1899 and developed
by MORSCH (cf. the historical study by BOGNESTAD [1]). A very
important parameter of the analogy is the strut inclination,
and the majority of present day building codes are based upen
the truss model with 45° struts.

It has long been known that this inclination is not the one ob-
served at shear failure of beams with web reinforcement, cf.
CHAMBAUD [15], KUPFER [14]. A more realistic strut inclination
may be determined by plasfic analysis. 1In 1964, NIELSEN [2]
considered reinforced concrete members in a state of plane
stress. With the use of a lower bound method, formulas were
derived for the stresses in reinforéement and concrete. Apply-




ing the theory tec beams in shear, NIELSEN [3] in 1967 determined
the strut inclination corresponding to minimum volume of rein=-
forcement (longitudinal plus web).

The formulas are valid when both types of reinforcement are
yielding without crushing of the concrete. In a subsequent dis-
cussion, NIELSEN [4] gave the strut inclination when the shear
resistance is determined by the compressive strength of the
concrete. The authors have recently realized that a similar
equation had been proposed twelve yearé earlier by CHAMBAUD [131

The ultimate load may also be determined by considering the
mechanism of beams failing in shear. Most attempts in this di-
rection have been based upon shear compression failure, where
the beam end is rotating about a hinge in the compression zone
(ef. the review in reference [5]). 1In 1975, NIELSEN & BRESTRUP
j5] considered a pure shearing mechanism, without any rotation
of the beam end. It was found that the corresponding ultimate
load coincided with NIELSEN's lower bound corresponding to web
concrete failure. This formula for the shear strength is
termed the web crushing criterion.

The web crushing criterion has been compared with existing test
results (reference [5}5 and with shear tests carried out in
Copenhagen (BRESTRUP et al.[6], BACH et al.[12]), and the agree-
ment is found to bé reasonable, Furthermore, the theory gives
a rational explanation of the phenomena observed at shear
failure, which is applicable”not only to 'beam shear, but also
to shear in joints and brackets, punching shear of slabs, tors-
ion of beams, etc.

The purpose of the present paper is to give a review of the
theory and its application for the ‘design of stirrups in rein-
forced concrete beams.



NOTATIONS

A H

Cross—sectional steel area of one stirrup
Length of shear span

Web width of beam

Compressive stringer force

Stirrup spacing along heam axis
Effective depth of beam

Compressive concrete cylinder strength
Uniaxial tensile concrete strength
Stirrup steel yield stress

Shear depth of bheam

Applied bending moment

Tensile stringer force

Tensile stringer yield force

Applied shear force

Internal moment lever arm
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Inclination of stirrups

Inclination of yield line

Yield line inclination corresponding to lowest upper bound
Principal strain rates

Inclination of diagonal compreséion (concrete struts)
Strut inclination corresponding to greatest lower bound
Lower limit for allowable strut igclination

Web effectiveness factor

Geometrical ratio of shear reinforcement

Reinforcement ratio making beam overreinforced in shear

Tensile stress in stirrup steel
Compressive stress in web concrete
Principal stresses in concrete

Mechanical degree of longitudinal reinforcement




THE TRUSS MODEL

%
A simple way of visualizing the effect of the web reinforce-
ment is by regarding the beam as a plane truss. The longitud-
inal bars and the stirrups (vertical or inclined) constitute
the tension members. The compression members are formed by the
concrete in the top chord and the web. The web width is termed
b and the inclination of the stirrups is a . We introduce
the geometrical ratio of shear reinforcement as:

By

bc sina

where AS is the cross-sectional steel area per stirrup and
¢ 1is the stirrup spacing along the beam axis.

The truss analogy is given a precise formulation through the
assumptions: )

(a) The reinforcing bars are unable to resist lateral forces.
The steel stress in the stirrups is Oy - The compression
zone and the longitudinal reinforcement act as stringers
with a compressive foxrce C and a tensile force T ,
respectively.

(b) The action of the stirrups is described by an equivalent
stirrup stress po, perunit area perpendicular to the
stirrup direction.

(¢) The concrete of the web is in a state of uniaxial com-
pression, the compressive stress o, being inclined at
the angle 6 +o the beam axis.

Assumption (a) expresses that we neglect dowel action of the
reinforcement and shear in the compression zone. The meaning
of assumption (b) is that.the spacing of the stirrups (longi-
tudinally and transversely) is required to be sufficiently
shall to permit a description of their action as continuously
distributed over a section perpendicular to the stirrups. As-



sumption (¢) implies that the individual struts of the truss
model are replaced by a diagonal compression field.

The mathematical model, taken to represent the beam, is shown
on Fig.2. The beam depth h is defined as the distance between
the compression and the tension stringer. For simplicity, we
consider a part of a beam, the shear span a , Qith.constant
shear force. ‘

A section of the beam is subjected to the shear force V and

the bending moment M . Using the truss model, we find the

equilibrium equations:

v o= 9y bhcost sin® + pcabhcosa sina (1)
— _1 2 2 1 2 2,
M hT 50y, bh®cos?*s + 500, bh® cos®a (2)

The condition that the stress be zero in a horizontal section
leads to the relation:

fo2 = .2
0, sin ] po, sin‘a ‘ (3)

Inserting (3) into (1) '‘and (2), we find:

V = po_bh sin®a (cotd + cota) (4
s
and
M = hT'-%pUa bh? sin?a(cot?6 - cot?a)
or
M = 'h[T—%V(cote—cota)] (5)




EQUILIBRIUM ANALYSIS
From the equilibrium eguations, the load-carrying capacity of
the beam may be derived if we introduce the material strength

parameters. Thus we add the assumptions:

(a) The yield strength of the tensile stringer is

T = Ty . The yield stress of the stirrup is
O, = fy .
(e) The crushing strength of the web concrete is Oy = vfc

where fc is the cylinder strength and v is a web
effectiveness factor.

The beam is assumed not to bé overreinforced in flexure, there-
fore the strength of the compression stringer is immaterial.
"With a fixed strut inclination 6 , the shear strength is given

by equation (4) with o, = fy :
v o= bhpfy(cote-kcota)sinza (7)

Equation (7) is valid as long as the concrete strength of the
web is not exXceeded. By equation (3), this requires
22
pa E_Jig vf

a C

sin’a
Inserting into eqguation (7), we find the strength limit imposed

‘by the web concrete:
v o< bhvfc(cot8-+cotu)sin26 (8)

‘"There is no reason to believe, however, that the strut incli-
nation should remain constant. A generally accepted principle
of mechanics states that the internal forces of a structure ac-— 2
comodate themselves to'carxy the maximum load. In the theory



of plasticity, this principle is formalized as the lower bound

theorem. From equation (7), we note that the flatter the con-

crete compression, the higher the shear force. Thus, if the

ductility of the beam is sufficient, the web stresses will be ;
distributed in such a way that the strut inclination decreases

with increasiﬁg load. This effect is indeed observed during

beam tests (cf. reference [6]). However, equation (3) imposes

a lower limit on the strut inclination, i.e. an upper limit on

the shear resistance. Eliminating ¢  between equation (3) and

(4) , we get:

= ‘2 - <2 .
v bh ¢p0351n a(cb po, sin o) + bhpo_cosa sina (9)

By equation.(Q), V 1is an increasing function of Oy hence
the maximum shear load is obtained at crushing of the concrete,
Oy = vfc . Also, V is an increasing function of pca ., as
long as

ol —

1+
COosa vE

.2 C
sina

po_ < = pqo (10)

a a

hence the maximum shear load is obtained with yielding of the

stirrups, po, = pfy . Inserting into eguation (9), we find :
the shear resistance as a function of the material strength

parameters: '

- :

vV = bh\/pfysinza(vfc—pfysinza)w bhpfycosu sina  (11a)

valid for pfy 2P0, N %

For ny > py0, , the maximum shear load is obtained with

P, = P05 + i.e. the stirrups do not yield at failure of the

concrete. By equation (9), the shear strength is then:

1 (11b)

V=:2

a
bhvfc coti

valid for pf_ > P19,



Equations (11) constitute the web crushing criterion. It gives
the maximum shear force that can be carried by a particular con-
crete section. Witb a given shear reinforcement strength pfy '
the optimal strut inclination is the one corresponding to
failure of the web concrete. This value, 6 = BF , is found )
from equation (3) with oy = vfc and po_ = pf for pf <p,0,

y ¥
and PO, T Pq0, for pfy > P19, - Thus we get:

v ' -
€ -1 (12a)

COteF ) pf'sinza
Yy
valid for pfy 2P0,
and
coteF = tan %
valid for of > 040, ' (12b)

If the beam is to achieve the maximum shear resistance given
by the web crushing criterion, then it is a neceésary condition
that the tension stringer be sufficiently strong. By equation
(5), this reguires: '

T, > p +gV(cots - cota) (13)
Thus the tension stringer must be designed for a force which is
greater than the pure bénding term M/h . In particular, we
note that a stringer force must be anchored at a simple support,
where M = 0 . Equation (13) does not apply at the maximum mo-
ment, because the diagonal compression field, used in deriving
equation (5), is not valid (except possibly for indirect load-
ing). At point loads and supports, the stress distribution
must be modified, cf. NIELSEN [3] or NIELSEN & BRESTRUP [5].

If the shear reinforcement is very weak, the diagonal compres—
sion field degenerates to a single strut running from the load
to the support. This case shall not be considered here. (see
the section below).



FAILURE MECHANISM

The upper bound method of the theory of plasticity may be used
to determine an estimate of the ultimate load. However, in
order to carry out a rigorous upper bound analysis, we must as-
sume plastic properties of the materials. Thus we introduce
the additional assumptions:

£) The stringers and the stirrups are tigid, perfectly plastic.
The yield strengths are given by assumption d).

g) The web concrete is rigid, perfectly plastic with the square
_yield condition for plane stress and the associated flow
rule. The tensile strength is zero ahd the compressive

strength is Vfc .

These assumptions mean that the elastic deformations are neg-—
lected in the anaiysis. The yield locus for concrete in plane
stress is shown on Fig.3. It is identical to the modified Cou-
lomb failure criterion with a zero tensile cutwoff. o4 and oq
are the principal stresses and the concrete is unable to resist
stress combinations outside the square locus. The associated
flow rule means that when the stress point is on the yield lo-
cué, then the ratio between the possible strain rates g, and £,
is such that the vector (€1,62) is an outwards directed normal
to the locus at the stress point. At the corners, the vector
(81,E2) is situated between the adjacent normals.

A possible shear failure mechanism is shown on Fig<4.‘ The de-
formations are taking place in yield lines at the inclination
B , forming a parallelogram-shaped deformation zone. For com-
parison, Fig.5 shows a photograph of a test beam after failure.
Note the absence of any rotation of the beam end, and the ten-
sile cracks in the flange near the support which indicate that
a2 yield zone has been formed.

Using assumptions f) and g) , the rate of internal work dissi-
pated in the failure mechanism is calculated. An upper bound




for the ultimate shear force is found be equating the rate of
internal work to the rate of external work done by the load.

The lowest upper bound is determined by minimizing with respect
to the yield lipe inclination B . As shown by NIELSEN & BRE-
STRUP [5], the result is identical with the web crushing crite-
rion, equations (11). Since this solution is also a lower bound,
it is in fact the complete solution corresponding to the as-
sumptions made.

In the failure mechanism giving the lowest upper bound, the in-
clination §=g, of the yield lines is:

By = 20, ) (13)

where GF is the strut inclination given by equations (12),
corresponding to failure of the web concrete. The fact that
strut inclination is different from yield line inclination,
means that shear stresses are transferred in the yield lines
(possibly by aggregate interlock). The situation is similar to

a compressed concrete cylinder failing along an inclined plane.

When the shear reinforcement is very weak, the deformation zone
degenerates into a single yield line running from the load to
the support. Thus we have

cotBF = a/h (14)

where a 1is the length of the shear span, measured between the
gdges of the support and the load platens. A treatment of this
case is outside the scope of the present paper (see reference
£71). Let it just be mentioned that for beams without shear
reinforcement, coincident upper and léwer bounds may be found,

_ 1 /. a 49(v-9) _ &
v = 7bhvfc( (E)2+T h) (15a)

valid for ¢ <

viz.:

and




v = lbh\)fc<\/(%)z+1 —%) : . (15b)

2

valid for ¢>%\;

is the degree of longitudinal reinforcement, defined

Here @&
as
T
¢ = L
bh £

Equation (15b) was given by NIELSEN & BRAESTRUP [5].

12
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APPLICATION OF THE THEORY

The formulas for the shear resistance of reinforced concrete

beams are visualized on Fig.6 in the case of vertical stirrup

(0 =90°). The non-dimensional shear strength V/bhfc is shown ' §
as a function of the méchanical degree of shear reinforcement '
pfy/fc . Equation (7) corresponds to a straigth line with the
inclination cot® . The web crushing criterion, equations (11),
is represented by a quarter-circle with diameter v and centre
at (v/2, 0) , plus the horizdntal tangent.

Suppose we have chosen a fixed strut inclination €& . The
shear strength as a function of the stirrup reinforcement is
then given by equation (7), until it reaches the limit deter-
mined by equation (8) and represented by the circle on Fig.6.
Then the shear capacity can be increased no further, unless
greater dimensions or stronger cencrete are prescribed.

it is more reasonable to assume that the strut inclinatioﬁ
varies with the shear load. The most economical inclination is
6 =eF , corresponding to the web crushing criterion. It ié
determined by equation (12a) , where the necessary stirrup re-
inforcement pfy is found from equation (11a), inserting the
applied shear force. V . This shear load must be inferior to
the upper limit given by equation (11b).

For weak shear reinforcement, the web crushing inclination GF
is very small. Therefore the design may be unfeasible, due to Q
the increase in tensile stringer force, as given by equation

{13). Also, the stress distribution at failure will be very

different from the one at service load, leading to unaccept-

able requirements to concrete ductility. For these reasons,

it is advisable to impose a minimum strut inclination e=emin<459

This means that equation (7) with determines the shear

=0 _.
min
strength until the limit set by equation (8). Then the shear

strength is given by the web crushing criterion, equation (11a), .

with € =8p until the limit given by equation (11b). From
that point the shear strength cannot be increased by adding
more stirrup reinforcement.



In order to use the web crushing criterion for design, it is
necessary to assess the values of the shear depth h and the
effectiveness factor v by correlation with experimental
evidence. Fig.7 shows some test results reported by LEONHARDT &
WALTHER [8]. The series comprises 18 beams with vertical stir-
rups. In two of these, the main reinforcement was curtailed,
and in three it was bent up. One beam had additional shear
reinforcement‘in the form of horizontal bars. Of the remain-
ing 12 beams, three have been omitted from the plot because
they were reported to have failed in flexure. The non-dimens-
ional shear strength is plotted against the shear reinforcement
degree. As shear depth is used the internal moment lever arm

z , calculated as the distance between the centrecid of the main
reinforcement and the centre of the compression flange. For
comparison is shown the web crushing criterjon with v=0.86 ,
which is the value giving closest fit by orthogonal regression.
The coefficient of variation is 2.0%.

The web effectiveness factor v depends on the concrete duc-

tility and on the lay-out of the reinforcement. However, for
reasonably designed beams, v appears to be fairly constant.

Fig.8 shows the results of 178 shear tests on beams with verti=-

cal stirrups. 72 tests have been carried out recently at the
$tructural Research Laboratory (references [6] and [12]), while

the rest are reported in the literature (references [8], [13], ,
and [17] - [28]. 1In cases where the cylinder strength is not %
given, fC is taken as 80% of the cube étrength. Flexural and
bond failures are omitted (detailed documentation is available
from the authors, who would also appreéiate information about
test series not included). The results are plotted as on Fig.
7, and the mean effectiveness factor is v =0.74 , the coeffi-

cient of variation being 6%.
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COMPARISON WITH BUILDING CODES

Proposals for the use of the web crushing criterion for the de-
gsign of stirrup reinforcement are given in reference [7] and
shall not be repeated here. Instead, we shall compare the theo-
retical formulas, derived in the preceeding sections, with the
design rules of building codes.

Fig.8 shows the éhear capacity as. calculated by the Danish
Code of Practice, DS 411 [9],[10]. The code regquires the use
of the internal moment lever arm 2z as shear depth; and a strut

inclination of 8 =45° . Thus the shear strength is given by
eguation (7) with hw=z and 6 =45° . as upper limit on the
shear load is imposed the value V=0.25 fc bz . Comparing

with equation (11b), we see that this corresponds to an effect-
iveness factor v =d.50 .. For 45° stirrups, the upper limit is
V=0.45 fc bz , corresponding to an effectiveness factor v =10.37.
In addition, the code allows a 'shear contribution from the con-
crete' of Vv = 0.5 ft bz , ft
strength. (In Fig.8, the actual strength parameters have been

being the uniaxial tensile

used. Of course, design values are to be inserted when the
code is applied). -This additional term is devoid of any theo-
retical justification when shear reinforcement is present. It
seems mainly to be included to compensate for the unfavourable
choice of strut inclination.

Nevertheless, it is obvious from Fig.8 that the code is very
conservative, and that even with an effectiveness parameter as
low as v=0.50 , the use of the web crushing criterion would
lead to a substantial saving of stirrups for small and moderate
degrees of shear reinforcement.

The latest code proposal from CEB [11] suggests a socalled
'refined method' for the design of shear reinforcement,using
variable strut inclination. In clause 11.2.4.2 of the Model
Code (eguation [11.19]},we find eguation (7) with a shear depth
h.=0.9d, d being the effective depth of the beam. As a
_ minmz'o'
The shear strength limit imposed by the web concrete is given

lower limit for the strut inclination in proposed cotd



by equation [11.17] of the Model Code, which corresponds to
equation (8) with v = 0.60 and h = d . However, the appli-

cations of this equation is restricted by the requirement
vV < 0.45 fc bd sin 26

The 'concrete term' which is given as V = 0.6 £, bd for
very small shear loads, is'very reasonably phased out when any
significant shear reinforcement is necessaty. However, a ra-
tional estimate of the shear strength of beams without shear
reinforcement should include the effects of the shear span ra-
tio a/h and the longitudinal reinforcement degree ¢ , as is
the case with equations (15), given above.

The design of the main reinforcement requires a special
note.  According to eguation [11.20] of the Model Code, the ten-—
sile stringer force is incieased (with respect to the simple
moment term) by the amount:

AT = s5— (16)

using the notation of the present paper. Assuming ca==fy and
h=d , the applied shear force is given by equation (4):

Vo= of, bd sin?e(cots + cota)
= 7§fy d sind(coté + cota)
Inserting into equation (16), we find
p1, = 1V sina(cotd +cota)
On the other hand, equation (13) requires
AT = lV(cote-—cota)
¥y 2

Thus we note that equation (16) is correct in the case of ver-
tical stirrups (o =909) ; but generally not when the stirrups

are inclined.

16
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CONCLUSION

In the preceding sections, we have shown that a rational
analysis of the shear strength of reinforced concrete beams with,
stirrups may be based upon the truss analogy with variable strut
inclination. The assumption of perfectly plastic properties of
the materials leadsvto a solution, the web crushing criterion,
which is both an upper and a lower bound. The web crushing
criterion is found to agree reasonably well with experimental
evidence, provided we introduce an empirical web effectiveness

factor.

An important step towards the application of the web crushing
criterion in practical design is taken by the CEB Model Code.

It should be noted, however, that the formula for the increase
of main reinforcement due to shear is incorxrect in the case of
inclined stirrups. The Model Code almost abolishes the socalled
addition principle, i.e. the inclusion of a shear stress term
proportional to the tensile concrete strength. Still wanting

is a formula for the shear strength of beams with little or no
stirrups, taking account df the shear span ratio and the amount

of longitudinal reinforcement.
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Figure 1:

Diagonal tension failure of beam without web
reinforcement (reproduced from TAYLOR [16]).
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Figuxe 2: Truss model of reinforced concrete beam.
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Figure 4: Shear failure mechanism for reinforced
' concrete beam,
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Figure 5: Shear failure of beam with web reinforcement
(BRESTRUP et al. [6]).
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