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Abstract.

In this report the minimum volume design of nonlinear geometric,
linear elastic plane frames subjected to both constant and

design dependent loads is examined and the computational procedures
employed are reported in detail. Three design examples are

thoroughly discussed.

It is concluded that the minimum volume design as reached through
combined use of the time honcoured fully stressed design concept
and mathematical programming techniques involving sequential
linear programming gives the designer a very efficient and eco-
nomical way to design structures on a rational basis with a mini-

mum of human intervention.
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Notation.

A, AREA
Al

A

max

A _.

min

C

c

E, EMOD
F

FI
IAGRUP
YAREST
IBEL
ICDIS

IDIS
IELM
IPROY
ITERA
LAGRUP
LBEL
LCDIS
LELM
LNCDIS

LNSNIT

Design variable, area.
Auxillary design variable.
Maximum of A, fabricational limit.
Minimum of A, fabricational limit.
Shape factor in wind loading.

structure factor in earthquake loading.
Young's modulus.

Nodal force or load.

Selected critical constraint value.
Active groupnumber.

Selected constraint number.

Loadcase number

Displacement constraint number.
Displacement number

Element number.

Profile type number:

Iteration number.

List of active groups.
List of IBEL's of selected constraints.
List of ICDIS'es of selected constraints.
List of IELM's of selected constraints.
L.ist of constrained displacements.

List of NSNIT's

Moment in element.
Allowable M when N = O
Maximum constraint value.

Normal force in element.

Allowable N when M = 0.




NAGRUP
NAREST
NBEL
NCDIS
NELM
NFSI
NCGRUP
NITERA
NREST
NSNIT
REDUKF
RELAXF
3]

T

usT

W, WMOM

WM

Number of active groups

Number of selected critical constraints.
Number loadcases.

Number of controlled displacements.

Number of elements.

Number of fully stressed lterations.

Number of groups.

Maximum number of iterations.

Maximum number of selected critical constraints.
Number of stress check points 1n an element.
Reduction factor for movelimit.

Relaxation factor in fully stressed redesign.
Design volume.

Natural period.

Maximum allowable displacement.

Scection modulus.

Lumped mass

Displacement.

Lower bound on AA.

Upper bound on AA.

Movelimit on AA in iteration ITERA
Allowable compressive stress factor.
Allowable proportionality stress factor.
Acceleration of gravity.

Length associated with A.

Fully stressed multiplier on A.

Factor of safety against Euler buckling.

Radius of gyration.



Structural constraint value.

Stress constraint value.

Displacement constraint value.
Specific gravity.

Slenderness ratio.
Transitional slenderness ratio
Merit function = §.

Allowable stress in bending.

Allowable stress in compression at A = Q.

Allowable stress in tension.

Allowable proportionality stress.

Special notations.

(3 = 1,M) means 3

|
-
-
N
~

3, ... M

i € LAGRUP means j = LAGRUP (1), LAGRUP(2),

v d

x
X
A

vector or matrix -
unit matrix, unit vector.
gradient with respect to active

increment.

- - . LAGRUP (NAGRUP)

design variables.




Introduction.

The subject of this report, automatic design of plane frames,
is treated as a subproblem of the gencral optimal structural
design problem which has received growing attention in the recent
decades. A review of the general optimal design problem is given

by Niordson & Pedersen in ref. [10].

Automatic design of frames with minimum volume using rigid

plastic analysis is already a well established discipline since
these design problems are linear in nature and thus both in

theory and, after the advent of large scale digital computers

also in practice, amenable to solution by direct linear programming
techniques. For a review of plastic minimum volume design of
frames see e.g. Livesley in ref. [12] containing many references

to the developments within this field.

Minimum volume design of frames using linear elastic analysis is
generally a nonlinear process and thus not quite as straight-
forward as rigid plastic design. The author's interest into this
field was initially aroused by Romstad & Wang, ref. [11] contain-

ing many relevant references.

The present report augments the techniques laid down in ref.[11]
in order to develop automatic structural design capabilities for

even large, general plane frames with complex loadings.

Starting with the definition of a feasible structural design
and a brief summary of pre-mathematical programming methods

of obtaining a "good", feasible design the present report moves
on to give the definition of structural design as an exercise
in mathematical programming with minimum volume as the mathe-
matical design criteria that ensures the automatic generation

of a unique, feasible design of economical virtue.

The so-called sequential linear programming technique of solving
the mathematical programming problem is formulated and the con-
dition under which the fully stressed design has minimum volume

is discussed in chapters 2 and 3.



In chapter 4 a recommended design strategy is presented and a
flowchart of the general iterative design procedure is given.
The content of the flowchart is elaborated in detail for a general

plane frame with linear elastic behaviour in the remainder of

chapter 4.

Chapter 5 thoroughly treats three design examples using different
size plane rectangular house building frames subjected to several
loadcases, including design dependent loadings. Great care has
been taken in presenting realistic problems, using realistic
loadings, using standard manufactures' profiles, imposing group
design, using prestressed bracing elements, taking account of non-

linear geometric analysis etc.

Based on the examples of chapter 5 and numerous other examplesg
not reported here, a number of conclusions are put forth in

chapter 6.

In appendix 1 is given a thorough descrip ion of the plane frame

analysis which is employed in the developed design procedure.

Appendix 2 gives a descriptioﬁ of the employed empirical rela-
tionships of moment of inertia and section modulus respectively
to area for 3 standard manufactures' profiles and the theoretical

relationships for the geometricallY similar series.

Appendix 3 presents a generalized power method of solving an
eigenproblem with a real symmetric matrix.

Finally, the derivations of chapter 4 and the first three
appendices have been implemented in a modular computer program
package which is listed in its entirety in appendix 4. The

procedures are partly selfexplaining, partly explained in the
above mentioned text.
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1 Formulation of a feasible design.

A particular design of a frame is characterised by two sets
of variables, the independent design variables, in this study
chosen as the areas, and the dependent behavior variables like

stresses, displacements and fundamental period.

Both the design- and the behavior variables generally are

bounded by lower and/or upper limits.

Let Q. be the normalized stress vector, $3 the normalized dis-
placement vector and A the NGRUP dimensional design vector of
areas. Then a feasible design is a design which obeys the

following incqualities called the design constraints.

=

1= @
(1)
lmied
and
> >
Brax T 2 7 Bmin
This set of Inecdualities may have any number of solutions

including none at all.

Structural frames used in housebuilding, however, always have
infinitely many solutions when the elements in the design vector

A are regarded as continuous variables.

1.1 Feasible design by standard iterative methods.

Intuitively an economical design is one in which each design
variable is at its lower limit or has been fully stressed under
at least one loadcase. A feasible design which fulfills the
above optimality criterion is hereafter called a fully stressed
design. A reasonably fully stressed design may be reached after
a number of iterations with individual scaling according to the

stress level in the variables.

If constraints on the displacements are specified and any element

in Pq 1is greater than 1 at the fully stressed design then the



straightforward fully stressed redesign technique is not

applicable to the problem.

To overcome this situation one may intuitively increase one

Oor more variables that are thought most efficient in influencing
the active displacement constraints or one may simply iteratively
scale all variables with a common scale factor until g = 1.
The first method intuitively includes economy in design but

is 1ill defined and the second method, though well defined does

not include any idea of economy in design.

Recently a novel method of redesign for active displacement
constraints based on a so called optimality criterion has been
reported by Gellatly & Berke in ref. [1]. This method promises
a simple,well defined and optimal redesign method, but unfor-
tunately some of the reported displacement constrained examples

show unexplained instability of convergence.




2 Formulation of a minimum volume design.

The above mentioned design methods plus experience may lead to

feasible designs of some economical merit.

A more rational approach, however, is to define a merit of the
structure, y(A), and then design the structure through optimiza-

tion of this merit while observing the desiqn constraints (1).

The design problem is then cast as a mathematical programming

problem which can be solved more or less automatically once the

proper merit is chosen.

In this study the merit is a simple linear function of the design

variables equal to the total material volume of the structure.
p = A - 1 - minimum (2)

Here 1 is the vector of lengths associated with the design

variables A.

While the merit (2) is a linear function of A the set of constraints
(1) normally are nonlinear functions of A when the structure is

statically indeterminate and non-linear analysis is performed.

Hence the mathematical programming problem belongs to the type
known as bounded variable minimization of a linear function under

a set of nonlinear constraints.

For this type of optimization many different algorithms have been
proposed. See e.g. Fox, ref. [2] for a treatment of some of the
algorithms. In this study only the so-called sequential linear

programming technique (SLP) is treated.

2.1 Minimum volume design by sequential linear programming.

Had the constraints been linear the problem would have been an
exercise in linear programming, (LP), which can be easily solved
by means of the wellknown Simplex algorithm. See e.g. Holst,

ref. [3] for one version of the algorithm.

When design constraints are nonlinear. a straightforward approach

is to approximate the constraints with first order Taylor series




expansions involving computation of gradients of the constraints.
Thereupon set up and solve the equivalent LP problem in the
incremental design variables, add the increments to the current
design and repeat the process until no improvement in the merit

is possible.
The equivalent LP problem may be formulated as follows.

Merge D and Py into ¢, then the original nonlinear pProgramming

problem reads.

min ¢ A -1

provided

>

1 - g(a) (3)

> >
ﬁmax & émin

After a change Ap from the current design A, with [Aﬁ]f £f-A
where f is intended to restriclt +he linearization error, the
nonlinear problem is seen to be identical to the first order

inaA with the following linear problem.

min Ay = AA -V U

~

provided
1-eZma-Te (4)
cu 2 An - VA 2 b

where
by = max(f-a, A _ - A)
b, = min(-£f - 3, Anin ~ A) (5)

Application of the sequential linear programming technique using
proper movelimit factors will always lead to a local minimum.

If the feasible design space is convex then the local minimum is
also the global minimum. In theory it is possible to obtain
analytical expressions of the bounding constraints but in practice
it is only done when the problems are very small and simple. Thus



in general one cannot know the shape of the design space and

thereby not know whether the found optimum is global or local.

The only way to minimize the probability that the found minimum
is not global is by running a number of design processes with

different initial design vectors.

2.2 Usc of movelimits in SLP; strong and weak optima.

The factor f used in the upper and lower bounds on AA (5) called
the movelimit was,originally introduced to restrict the lineariza-

tion error inherent to the SLP technique.

Used in this way the proper value of f depends on the nonlinearity

of the problem to be solved.

Generally problems that mostly depend on moments of inertia for
strength and stiffness capabilities are more nonlinear than problems
depending mainly on areas, i.e.,sway frame problems are more non-

linear than braced frame problems which in turn are more nonlinear

than truss problems.

The more nonlinear the problems, the smaller the movelimit should
be. Values between 0.1 and 0.5 are suggested. The final selection
is a compromise between restricting the linearisation error and

restricting the number of necessary iterations to convergence.

Using the movelimit factor exclusively to limit the linearization
error only makes sense if the original nonlinear problem (3) has

a strong optimum, that is, the minimum is determined by a NGRUP

dimensional vertex in the NGRUP dimensional redesign space. If

the original nonlinear problem has a weak optimum, that is, the

minimum is determined by a vertex of dimension NAGRUP<NGRUP, then

only NAGRUP independent constraints are active, i.e. have values 1.

This means that the minimum is flat in a NGRUP-NAGRUP+1 dimensional
subspace. Stated in other words, at the minimum the merit function
in this subspace is parallel to the tangent of one of the active

constraint surfaces.

Then the variables corresponding to the subspace are poorly determined



at the minimum. Roughly speaking, as long as these variables
stay in the tangent plane the merit does'nt change and the con-

straint is only violated by a second order term in the deviations

from the true minimum design.

Oscillations of the design variables after convergence of the merit

is a sure sign of a weak optimum.

In order to force the variables to converge one method is to

decrease the movelimit before every new iteration

f(ITERA+T) f(ITERA) (6)

= REDUKF -
The reduction factor and the initial movelimit are easily deter-
mined to yield a desired movelimit after a sSpecific number of itera-
tions. Values of REDUKF less than 0.6 should not be used. A

value of REDUKF = 0.7 has shown the work well.

A second method to force convergence of the variables in presence
of a weak optimum,more in agreement with the observation that the
oscillating NGRUP-NAGRUP variables have small influence on merit
and constraint values,is ito assign these variables suitable inter-
mediate values and then relegate them from further redesign. This
could be accomplished by means of individual movelimit factors set
to zero. However, a more efficient way is to divide all variables
into an active set and an inactive set, the redesign then being
executed only with respect to the active set of variables. This

partition will be further described in a later section.



3 Fully stressed design versus minimum volume design.

Carrying out the design problem completely as a mathematical
programming problem starting at a more or less arbitrary initial
design is indeed possible bult computationally very expensive in
comparison with e.g. the simple fully stressed design iteration,
For this reason it is well advised to take a look at the relation-

ship between the fully stressed design and minimum volume design.

Using Lagrange multipliers Razani, ref. [4] and Kicher, ref. [5]

have studied the relationship.

They conclude that for large classes of structures with 'normal
action' the fully stressed design has minimum volume if stress
constraints are the only constraints. Razani also observes that
the faster the rate of convergence of the fully stressed design

iterations, the more likely the optimality of the design.

Looking at the relationship from a design space point of view the

following simple observations can be made.

If the minimum volume design is to be fully stressed in the

extended sense then the minimum in the NGRUP dimensional design
space must be a strong optimum, i.e., detérmined by the intersection
of NGRUP stress or lower bound constraints each associated with a

different variable.

Problems with stress constraints dominated by their associated
variables, possibly with lower bounds, but without displacement con-
straints most likely have such strong optima and therefore constitute

a class of problems with fully stressed minimum volume designs.

Both trusses and frames of low degree of statical indetermiracy
and geometrical nonlinearity are candidates to this class. For
this type of problems it is therefore a good idea to start the
redesign iterations with a number of fully stressed iterations
whereby the perhaps arbitrary initial design is vastly improved

at low computational effort.

If the achieved fully stressed design actually is a minimum volume
design this fact will be established after a few subsequent minimum

volume redesigns.



If it is not minimum volume then usually several,
volume redesigns may be needed,

costly minimum
were the algorithm allowed to
run on until convergence of both merit and design variables.




4 Recommended design strategy.

Rased on the foregoing remarks and experience gained from running
a large number of test examples, the following 2 stage design
strategy is recommended and has been used throughout the sub-

sequent design examples.
Stage 1.

1 Make a crude estimate of the initial values of the design

variables or simply use the maximum allowable values, émax'

2 Use gecometric linear analysis in steps 3-5.

3 Run 2 fully stressed iterations.

4 Run 1 iteration with a common scale factor based on the
maximum constraint value after the fully stressed iterations.

(Typically the maximum value belongs to a displacement constraint}.

Run up to 5 minimum volume redesign iterations using SLP with
1Y g g

(53]

decreasing movelimits.

Stage 2.

6 If stage 1 yields a weak optimum examine how many and which
constrainks are active at the current design. Decide which
variables if any to relegate from further redesign. Assign

appropriate manufactures’'values to all variables.

7 If desired use,geometric nonlinear analysis and run the problem
again with the perhaps reduced number of active design variables
using only minimum volume redesign. If the correct set of
active design variables has been chosen, only a few iterations

will be necessary to achieve convergence to a strong optimum.

8 If the found optimal design looks abnormal then repeat steps
1 through 7 a number of times with different initial designs

in order to minimize the possibility of having found a local

minimum.
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Both stages can be execuled using the same iterative design

procedure with different decision parameter values.

The iterative design procedure is well suited for flowchart

representation.

Initiate design invari-
ant information, initial Andlyze current design

design and decision

parameters *

Evaluate structural

constraints and merit

Check
convergence and

Print design yes

report etc.

teasibility

Fully
stressed iterations
or displacement
scaling

Change design

accordingly

Compute gradients of

constraints and merit

L

Set up and solve line-

arized problem

Change design
accordingly

Fig. 1." Flowchart of iterative design procedure.
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The content of the different boxes in the flowchart will be
elucidated in the following chapters. References to the

developed computer program are interspersed.

4.1 Initiate design invariant information; initial design and

_decision parameters.

The design invariant information consists partly of analysis

information, partly of redesign information.

The analysis part is e.g. node coordinates, support conditions,
element topology, element geometry, constant loads, type of
analysis etc. as described in details in appendix 1. The redesign
part is information about limits on allowable stresses, allowable
displacements, allowable limits on the design variables, redesign

stateqgy, active set of design variables etc.

All this information is either read in or generated once in procedurt
LES and is then kept as the invariant basis of the subsequenl design

computations.

To complete the description of a problem one has to gspecify the
values of the design variables, i.c. the area vector A. (See

appendix 1 for full description). '

Good initial values of the design variables are really not crucial
to the recommended design strategy. Even crude estimates of the
area vector will suffice when a number of fully stressed iterations
are performed before minimum volume redesign is attempted. If

even crude estimates are not at hand one may simply start with

the maximum allowable area vector.

Good estimates based on sound engineering judgement, however, never

slows down a design process.

From the design vector A, the appropriate section properties are

calculated by empirical or theoretical formulas as described in

appendix 2.

Most decision parameters have default values assigned in the main
procedure, DESIGN, but user's values may be read in through procedure

LES.



4.2 Analyze current design.

The linear elastic analysis of the frame is carried out as
described in appendix 1. It consists optionally of a linear
geometric or nonlinear geometric analysis based on the displace-
ment method. It is invoked by a call of procedure ANALYS.

The results of the analysis is the global displacement vector

¥ and optionally the fundamental period T of the frame. (T is
used in the generation of equivalent earthquake loads). In
principle also moments M and normal forces N result at NSNIT

= LNSNIT (IELM) equidistantly spaced sections along each element,
IELM, for all loadcases. M and N, however, are not stored but

computed on basis of x when needed in the stress constraint

evaluation.

4.3 Evaluation of the merit and the structural constraints.

The merit is defined as the total steel volume used in the structure,

i.e.
merit = ¢ = A-1
The evaluation of this expression presents no problem.

The structural constraints which are evaluated in procedure

EVALFI consist of the stress constraints Q. and the displacement

constraints gd.

4.3.17 Stress constraints.

The stress constraints are defined by the interaction formula

1,NSNIT)IELM = 1,NELM)IBEL = 1,NBEL)

0, = ﬂo[+|§5[ =1 (((I8NIT
LNSNIT (IELM) (7)

M
NSNIT

Here the moment M and normal force N are computed as shown in
appendix 1. Thus M and N are computed with due respect to geometric
second order effects if nonlinear geometric analysis is requested.

The allowable moment M° when N = 0 is defined by

M° = woo

WMOM (IGRUP} #* SIGMAB (IBEL,IPROF) (8)



where W is the scction modulus and oB is the allowable stress

in bending.

N°, the allowable normal force when M = 0,is defined by expressions
> .
depending on whether the element is in tension,N - O, 0r compression

N < O.

In tension N° is defined by

o AON

N

AREA (IGRUP} * SIGMAN({IBEL,IPROF) (9)

where oN is the allowable stress in tension.

In compression, based on the slenderness ratio A, a distinction

is made between elements in the elastic or plastic range.

As a safe approximation the reduced lengths of both fix-fix and
pin-pin type elements are defined equal to the geometric lengths,

i.e. slenderness ratios are defined by
- 1
A= (10)
where
r = L. radius of gyration (11}

The following definition of the allowable normal force in com-

pression is based on a proposal by Pauli Pedersen in ref. [8].

Define
c _ N _ . ,
g’ = fCo = allowable stress in corpression at A = N
n, = factor of safety against Euler buckling.
r _ N _ . .
g = nEpr = allowable proportionality stress

then the transition from the plastic region to the elastic region

is determined by the transitional slenderness ratio AG.

A, =7 VFEE {12)



In the plastic region, = AG,the allowable normal force is then

given by

o C Xy 2 P, A ,2
N Ao " (1-(3=)7) + o (~—)"/n_)
g Ag I

N Ay 2 (13)

Ao (fc"(fc_fp)(i
G
In the elastic region, A > AG the allowable normal force is given
by
2

NC = AGP(iL)_

/n
G E

AoNE ()72 (14)
P
G
As shown by Pauli Pedersen in ref. [8] these expressions are
continous at )} = AG regardless of the values of fC and fP' If
we choose fC = 2fP then even the first derivatives will be
continuous at A = Ag+ Default values used in the program and

in the design examples in chapter 5 are

£, = 0.8
fP = 0.4 {15)
np = 1.7

Other values may be specificd on input.
Using the default values one finds the following expressions

A =g+ N0 = 0.8R0" (1-5(5-) ?)
G (16)
A > g s N0 = 0.4a0” () 72
G

4.3.2 Displacement constraints.

Although one may easily treat constraints on linear combinations
of nodal displacements in order to include e.g. storey drift
limits, only constraints directly on nodal displacements are

incorporated in the program.

A total of NCDIS displacement directions are constrained.




Lot UST(IBEL,IDRIS) {(-0) equal the maximum allowable displace-
ment in loadcase IBEL and nodal direction IDIS, then the nor-

malized displacement constraints are

| ¥{IREL,IDIS)! < _ .
| i e =ity L: —~ L 4 Al b o
UST (IBEL . IDIS] 1 ((IDIS € LNCIIS)IBEL 1,NBEL) (17)

®4
As indicated the global displacement direction IDIS in which the
displacement is constrained is given by the topological array

LNCDIS where
IDIS = LNCDIS(IBEL,ICDIS) (ICDIS = 1,NCDIS) {18)

If any element in LNCDIS 1is equal to zero the associated con-
straint is undefined and ignored. (This situation arises when

a displacement is constrained only in some of the loadcases).

4.3.3 Automatic selection of a set of critical constraints.

The total number of stress and displacement constraints easily

grows very large.

Bearing in mind that one must find the ygradients of the constraints
in order to perform the minimum volume redesign by sequential
linear programming one naturally wishes to treat only those con-
straints which are active in the solution to the linear programming

problem.

It is not possible,however, to foresee exactly which constraints
will be active in the final design, but the following selection
procedure drastically lowers the number of constraints to be con-

sidered without excluding potentially active constraints.

The maximum number of structural constraints selected is NREST
= NGRUP + NBEL * (NGRUP + NCDIS). The actual number selected,
called NAREST, may be smaller than NREST, thus further diminishing
the size of the linear programming problem. The selected con-

straint values are placed in the array FI.

Tn order to ensure inclusion of at least 1 stress constraint per
design variable and to facilitate ease in eventual fully stressed
iterations, the first NGRUP design constraints are always selected
as the largest stress constraint values within each group, i.e.

FI (IGRUP) contains the maximum value of @4 obtained at any control




section within the elements belonging to design variable IGRUP

under any loadcase.

In addition to these NGRUP stress constraints a number of other
critical constraints are selected. These additional critical
constraints are structural constraints whose value exceed 1-g,

where £ is chosen reasonably small but large enough to avoid
oscilliatory behavior of the sequential linear programming

process. A value of € = 0.2 has shown to be reasonably discriminatory
without being too small. In case of more than NREST-NGRUP additional
critical constraints only the NREST-NGRUP largest ones are selected.

4.3.4 Constraint identification.

In order to identify the constraints in FI a number of pointer

arrays are used. These are defined as follows.

If LCDIS(IAREST} = O then the constraint is a stress constraint
within element LELM(IAREST) with the dimensionless distance of
the critical control section from the start of the element given

by LKSI (IAREST).

If LCDIS(IAREST) > O then the constraint is a displacement constraint
identified by ICDIS = LCDIS (IAREST).

The pertinent loadcase no. in both cases is given by LBEL{IAREST).

Out of the NAREST selected critical design constraints, the maximum
value of ¢, called Crax = FIMAX = MFI, is found and stored for later
use in the feasibility check and the possible displacement scaling.

The above explained automatic critical constraint selection and

idenfication plus the Wnax Calculation is performed in the procedure

X
EVALFI.

4.4 Convergence and feasibility check.

The design process is said to have converged if the relative change
in total volume during the iteration f£fall below a certain value;

in the program 0.1%.




Convergence criterion: AA-1 < A-1/1000 {19)

Note that this convergence criterion does not guarantee convergence
of the individual elements in A. In case of a weak optimum
oscillations in the elements are possible even when the convergence
criterion is satisfied.

A design is said to be feasible if no constraints are violated,
<

i.e. if ®ax 1.
Because the solution to the nonlinear minimization problem is
obtained through a sequence of linear approximations a less strict

Feasibility criterion than the theoretical is used.
Feasibility criterion: ¢_. . -~ 1.002 (20)

Wwhen both criteria are satisfied or a specified maximum number of
iterations, NITERA, has been reached the design process is stopped
and a design report is printed. Optionally stresses and displace-
ments of the final design may be printed and a drawing of the dis-

placed structure may be plotted.

4.5 Redesign methods; active versus inactive variables.

As earlier noted three different redesign methods are included in
the program. Relaxed fully stressed iterations with individual
scaling of design variables, scaling for @ . (normally associated
to a displacemen* constraint) with a common scale factor, and

minimum volume redesign by sequential linear programming.

An important common feature to all these redesign methods 1is the
partitioning of the design variable vector into a set of active

and a set of inactive variables. Only the active variables are
eligible for redesign,thus making it possible to keep the set

of inactive variables at fixed values during the design process.

The number of active variables 1s NAGRUP = NGRUP, and the connections

between active group numbers and original group numbers are given by
IGRUP = LAGRUP (IAGRUP) (IAGRUP = 1, NAGRUP) (21)

In the description of the three different redesign methods it will
be tacitly understood that the design and incremental design variable

vectors, A and AA, now only consist of the active design variables.



Redesign only with active variables does not alter the number of
structural constraints, but the dimensionality of the redesign

space will be NAGRUP ratﬁer than NGRUP. This constitutes important
savings in computation time when gradients of structural constraints

are to be evaluated for use in the minimum volume redesign method.

4.5.1 Relaxed fully stressed iterations.

In the program NFSI-1 fully stressed iterations will be performed
initially if NFSI > O.

In fully stressed iterations all design variables that are under-
stressed, i.e. have 9y < 1, are decreased and variables that are

overstressed are increased.

The iterations are simple, calling for just 1 analysis per iteration.

The incremental design variables are simply given by
AA. = m,A. (3 € LAGRUP) {22)
where mj is a multiplier performing the mentioned increase or decrease.

A straightforward approach is to define
m. =g _. - 1 (j € LAGRUP) (23)

where L is the maximum normalized stress constraint belonging to

group j as defined in section 4.3.3.

This definition of mj is qualitatively correct but may lead to
oscillations. A relaxed version therefore has been used

mj = RELAXF (wsj - 1) (j € LAGRUP) (24)
The correct value of RELAXF is influenced by 2 factors, each pulling
in opposite directions. &Stiffening a member in an indeterminate
structure yields a higher stress level in the member and conversely
with weakening a member. This calls for overrelaxation, i.e.
RELAXF > 1. In frames however one must also take into account that
moment of inertia vary much more rapidly than area which calls for
underrelaxation, i.e. RELAXF < 1. In frames the second factor
is much stronger than the first and underrelaxation must be per-
formed in order to avoid heavy oscillations in the fully stressed

iterations. A value of RELAXF = 0.7 has worked well in several



frame examples and this value is used in all the subsequent design

examples.

In trusses a small overrelaxation is justified but since divergence
easily may result if RELAXF is chosen too large it is not recommended

to overrelax even if it may speed up convergence.

In the extended definition of a fully stressed design, variables
are also permitted to be on their minimum or maximum allowable

values and the incremental design variables are then given by

m. > 0: AA.

: j mln(mjA-,A - A.)

Jj' max, ] ]
(7 € LAGRUP) (25)

2y

m. — 0O: AA.

3 3 max(mjA-,A - A.)

j*"min,J ]

In relaxed fully stressed iterations convergence 1is usually rapid

and only a few iterations are necessary to furnish a reasonably

fully stressed design.

4.5.2 Scaling for displacement constraints.

After performing the fully stressed iterations one may still have
Prax > 1. Most likely this is because one or more displacement
constraints are violated at the fully stressed design. Iteration
number NFSI (if NFSI > 0) is therefore a séaling of all active
design variables with a common scale factor £f.

AR = mln(fg,ﬂmax - A) (26)

Displacements are stiffness dependent and for trusses where stiff-

ness is proportional to the areas a good strategy is to scale with
f=u -1 (27)

In frames, particularly sway frames, stiffness also depends on
moments of inertia, which in most profile series are power func-
tions of area with an exponent of at least 2. Hence a good

strateqy is to use
f = Vo -1 (28)

The latter scale factor is used in the subsequent design examples.

4.5.3 Minimum volume redesign using sequential linear programming.




The formulation in section 2.1 of the linear programming problem

to be solved at the current design is not altered when redefining
AA to consist of only the set of active variables, i.e. formulating
the redesign problem in a NAGRUP dimensional active redesign sub-

space of the NGRUP dimensional total design space.

4.5.3.1 Gradient computations.

As seen from equation (4) gradients of both merit and structural
constraints are needed when setting up the sequential linear

programming problem.

The gradient of the merit is easily calculated because the merit
p is a linear function in the active design variables.

Vi = V(A-1l) = 1 (29)

. i~

where 1 is the vector of lengths associated with the active design

variables.

The gradients of the structural constraints, however, are not so
quickly calculated but require rather time consuming computations
whether they are calculated analytically or numerically. This is
the main reason why one should try to keep down the number of
active design variables when performing redesign with gradient

dependent methods.

As indicated by Solnes & Holst in ref. [9] it is perfectly possible
to obtain the structural gradients analytically, but for problems
involving nonlinear geometric analysis of general plane frames

with design dependent loads the programming involved becomes too
lengthy and complicated. For this reason and also because of
greater ease in treating new design dependent loads a numerical

differentiation has been preferred.

Both a simple forward and a simple backward difference scheme

has been tested. Either approach seem equally well suited, i.e.
give the same design in test examples. The present version of the
program uses the simple backward difference scheme with a - 1%

change in the differentiating variable.

The numerical differentiation requires NAGRUP reanalyses and

NAGRUP *-NAREST constraint evaluations.




Reanalysis is performed with the same procedure, ANALYS, used to
analyze the current design except that the nonlinear geometric
analysis equations are only iterated once because experience has
shown that the solution converges in onc iteration when the change

in design is a mere 1% change of one variable.

The constraint evaluation is also done by the same procedure,
EVALFI, uscd to evaluate the current design. However, only the
selected sct of critical constraints contained in the array FI

and identified by the pointer arrays of section 4.3.4 are evaluated

instead of the total set of constraints.

Upon completing the numerical differentiation of the structural

constraints one has the desired values of V.

4.5.3.2 Setting up and solving the linear programming problem.

In order to solve the LP problem

minimize AR = Ag-vw

provided 1-9 z AA-YY (4)
> >

and b, ~ Ap-L - Bl .

one must transform it into the standard LP form, i.e. state it

in nonnegative variables.

This is accomplished by a parallel transformation of the redesign

variables AA.
Define the auxillary redesign variables AA', where
AA' = AA-by (30)

then the above LP problem is identical to the following auxillary

LP problem in standard formulation (AA’ z 0)

minimize Ap'= AA' -V

provided 1-g-E; -Vg = 8A7'-Vy (31}

v

and b .-b

T .



The auxillary LP problem is characterized by positive coefficients
of the merit function and {normally) more constraints than variables,
which makes the problem ideally suited for solution by a dual
simplex strategy (cfr. Holst, ref. [3]). Hence the dual strategy

as implemented in procedure DUALP is used in the program.

After solution of the auxillary LP problem the true redesign vector

is given by

B = AR'+Db; (32)

If the current design is infeasible and the bounds on AA do not
permit large enough moves to satisfy all the linearized structural
constraints or if the linearized structural constraints define an
empty solution set then the LP problem has no solution. Tn this

case the redesign vector is increased by the upper bounds
AA = Db (33)

and a new minimum volume redesign cycle is attempted.



5 Design examples.

Though the developed computer program is capable of designing
plane frames of arbitrary shape, only rectangular house building

frames have been studied in detail.

The three frames prescnied in this chapter are examples of low,
medium and high rise frames. All frames are designed against
vertical and horizontal loads and horizontal displacement con-
straints play a major role in the design of some of the frames.
Regarding the displacement control it is interesting to notice the

difference in the distribution of added stiffness from medium to

high rise frames.

As representatives from the three classes of frames a 2 storey 1

bay, a 10 storey 3 bay and a 30 storey 2 bay frame is elastic minimum
volume designed using the recommended design strateqgy of chapter

4, including nonlinear geometric analysis in stage 2. Stress con-

straints are cvaluated at element ends and midpoints.
For brevity only one initial design is used for each example.

For each design a design report containing the iteration history
of all design variables, A, the total steel volilume, 5, the most
critical constraint value, ¢ = MFI, and possibly the natural

max
period, T, is presented both in tabular and in graphical form.

In the tabular design reports,areas designed from fully stressed
or common scaling, and areas designed on movelimits rather than

structural constraints are prefixed by a minus sign.

In the graphical representation areas designed on movelimits are

singled out by a solid dot.

Also shown for each design is a plot of the largest horizontal
displacements with the physical occurrences of the critical stress
constraints. Fully stressed constraints are marked with a solid
dot, while non fully stressed critical constraints are marked with

a circle and the constraint value. Displacement constraints are
graphically indicated.

All these devices are helpful in determining which areas should
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possibly be fixed in stage 2 of the recommended design strategy.
The plot with the critical constraint values also gives a good
picture of which parts of the structure arc displacement controlled

and which are stress controlled.

5.1 Example 1, 2 storey 1 bay.

P2
kI 2 A i
3 L 3| |
P 3.3m
Fo e v VEVEETTTTTTTTT 4
2 .
4 4 4£.8m
i |
- 13.0m -

Fig. 2 Frame OH-2E1F, loadings, group numbers and geometry.

The loads are P1 = 0.7 Mp/m
P, = 1.4 Mp/m
F1 = 2.5 Mp
Fy = 7.5 Mp

The allowable stresses in tension and bending are oNﬁUB=2-1O4 Mp/mz.

The 6 elements are grouped into 4 groups as shown on fig. 2.
The beams are IPE profiles and the columns are HEB profiles.

5.1.1 Plastic design.

In ref. [3] the author has designed this frame noniteratively as
a minimum volume plastic design using the equilibrium method of
limit design and linear programming. In the following table the
resulting plastic design moments, the nescessary profiles and the

associated areas are shown.

Group Design mo- Nescessary Area
no. ment (Mpm) profile {cm?)
1 9.12 IPE 300 3.8
2 21.12 IPE 400 B4.5
3 9.12 HEB 200 78.1
4 12.00 HEB 220 91.0

Table 1. Discretized optimal plastic design of frame OH-2E1F.




The total Ste=l volume of this plastic design is 0.3186 m’.

5.1.2 Elastic design.

The same problem, named OH-2E1F was run as an elastic minimum
volume design problem.

The graphic design report fig. 3 shows a fully stressed minimum
volume design with a total steel volume of 0.3560 m~ based on
continous variables. The discrete design with § = 0.3631 and

3% overstress is used as the initial design for stage 2. The
differences in designs from stage 1 and stage 2 are very small
which implies that nonlinear geometric effects are negligible for
this type of low rise building frames.

From the graphic design report is also noted that the convergence

is rapid to a strong optimum.

The discrete design is shown below

Group Optimal design Discrete Profile
no. area (cm?) profile area (cm?)
1 58.8 IPE 330 62.6
2 95.65 IPE 450 98.8
3 79.23 HER 200 78.1
4 109.44 HEB 240. 106.0

Table 2. Discretizoed optimal design of frame OH-2E1F.

5.1.3 IElastic design with displacement constraints,

Both previous designs of the 2 storey 1 bay frame have relative
displacements well in exCess of 1/500 which is the maximally

permitted by the present Danish steel code.

Thus neither designs are acceptable and the elastic design is
run again, this time including relative displacement constraints
of 1/500 on the horizontal displacement of the top left corner and

on the vertical displacements of the midpoints of both beams.

In order to make this second elastic minimum volume design as
realistic as possible, 3 loadcases rather 1 are considered. Load-

case no. 1 is identical to the original loadcase while loadcase
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no. 2 consists of the horizontal loads alone and no. 3 of the
vertical loads alone. Also selfweight of the elements is in-

cluded in all loadcases. This design problem 1s named OH-2E1FDU.

As illustrated by the graphic design report fig. 5 the redesign
path is quite different from that of 04-2E1F shown on fig. 3.

After 2 convergent fully stressed iterations @ .. = MFI = 2.6
(associated with one of the displacement constraints). The
common scaling for MFI > 1 given by eguation (28) brings MFI

below 1 but overestimates the necessary steel volume. The sub-
sequent 5 minimum volume redesigns show that the lower column,
design variable no. 4, plays a major role in the minimum volume

displacement control.

The convergence of the steel volume, S, is stable and so is the
convergence of the 2 column variables, design variables no. 2 and
no. 4. Desiqn variables no. 1 and no. 3, the 2 beams, however,
show oscillating behavioT. An examination of all critical con-
straints after the termination of stage 1 reveals that only 1
stress constraint, belonging to variable no. 2, and 2 displace-
ment constraints are active. With a total of 3 active constraints
and 4 active variables we have a weak optimum and 1 of the 2
oscillating design variables must be deactivated in the stage 2
run. Exhibiting the larger oscillations, variable no. 3 is chosen
for deactivation. The 2 active displacement constraints are the

one in the upper left corner and the one in the midpoint of the

upper beam.

The discrete design used as initial design in stage 2 has a steel
volume of § = 0.5022 m® with a 4% excessive displacement (MFI=1.04).

The convergence in stage 2 is rapid to a strong optimum.

The optimal design with due respect to displacement limits thus

uses 42% more steel than the optimal design without displacement

limits.

Running stage 2 both with and without nonlinear geometric analysis

showed only neglible differences.
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The discrete design is shown below in table

Table 5.

Group Optimai design Discrete Profile
_no. area (em’) = profile area (cm‘)
1 74 .59 IPE 360 12.7
2 91.80 IPE 450 98.8
3 106 .00 HEB 240 106
4 219.69 HEB 450 218

Discretized optimal design of

frame OH-2E1FU.
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Fig. 5. Graphic design report, stage 1 and stage 2.
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5.2 Example 2, 10 storey 3 bay.

This example is first run as a sway frame problem named OH-10E3F.

Later it is redefined as a braced frame problem named OH-10E3FG.
Three loadcases are treated including two lateral loadcases.

The lateral displacement of the top right corner is restricted

to 1/600 of the total height.

Providing symmetry and a suitable reduction in the number of design
variables the structure is divided into 6 beam groups and 6 column

groups plus in OH-10E3FG additionally 3 bracing groups.

The initial common design of all columns is taken as 200 cm? and

the initial common design of all beams is taken as 100 cm?.

5.2.1 Frame OH~10E3F, the sway frame.

The graphic design report fig. 8 shows first 2 convergent fully
stressed iterations with MFI =~ 1.50 corresponding to the displace-~
ment constraint at iteration no. 2. The common scaling step brings
MFI approximately back to 1. The following 5 minimum volume re-
designs shift the distribution of stiffness in favor of a strong
central core shown by the increase of all even numbered groups

and the decrease of all uneven numbered groups.

At the end of stage 1 only 3 stress constraints and 1 displacement
constraint are active which means that stage 2 will have only 4
active groups. Groups 1, 2 and 3 are fully stressed and therefore
should be active. Group no. 6 is chosen as the fourth active
group. While stage 1 has hit a very weak optimum, stage 2 shows

rapid convergence to a strong optimum.

The design is completely governed by constraints from loadcase
no. 2 and the stiffness distribution must be viewed as a compromise
between the displacement constraint demanding a stiff structure
and the equivalent earthquake forces favoring a flexible structure.

The final discrete design used as the initial design in stage 2
shows a total steel volume of 3.00 m® and a fundamental period of

1.58 sec. The optimal discrete design is shown below.



Table 8.

o dd -

Group Optimal design Discrete Profile
no. area (cm?) profile area {cm?)
1 119.75 HEB 280 131
2 231.83 HEB 500 239
3 106.42 HEB 240 106
4 181.00 HEB 360 181
5 91.00 HEB 220 21
6 121.42 HEB 260 118
7 84.50 IPE 400 84.5
8 156 .00 IPE 600 156
9 98.80 IPE 450 98.8
10 134.00 IPE 550 134
11 98.80 IPE 450 98.8
12 72.70 IPE 360 72.7

Discretized optimal design of frame OH-]O0E3F.
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}
#ﬁj Loadcases, common.
1 = ; o Distributed floor loads:
c 6 wj = 45 kN/m {(j = 1,10)
Gravity load: y = 78 kN/m?
11 12
5 6 Lateral deflection of top right
corner = 1/600 of height.
11 12
5 6 Loadcase no. 1.
5 6 IR ra — r. Loadcase no. 2.
J
1 *igii Ll tO =T Additional earthquake loads:
h.WM.
3 L 0.05 1l 3 :
F, = C-* g = EWM,_ (§=1,10)
] 3 Lh, WM, k
5 10 a T 174
. f WMj is total mass at floor j
g is accel. of gravity
8 G T is first period of frame
3 . C = 1.00
7 8 : ] F ON,UB = 1.9-10° kN/m?
1 2 Loadcase no. 3.
7 8 Additional wind loads:
1 2 i~ 2. 1ey=3
F. = C-7=(12(log, h.+1.3)) 2g10 3kN
7 8 J 16 10737 15=1,90)
1 2 C is shapefactor = 1.8
f 1 3
ﬂ 1 R | A; is exposed area at floor j

(6 m between frames)
2 g3 OW oN,oB = 1.9-10% kN/m?
Beams: IPE profiles
Columns: HEB profiles

Fig. 7 Frame OH-10E3F, loadings, group numbers
and geometry.
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5.2.2 Frame OH-10E3FG, the braced frame.

In order to appraise a braced frame load carrying system as
opposed to a sway frame load carrying system diagonal bracing
was inserted between the central columns. By the AUTOQVNEF = 1
option in the computer program automatic prestress of the bracing
at half the allowable tension under the vertical loadcase, was
accomplished

Becausc of the presumibly  smaller energy absorption capacity
of a braced frame as opposcd to a sway frame a 33% higher value
of C in the equivalent earthguake loads is used. Braces are
chosen from a solid circular geometrically similar series with
initial values of 10, 20 and 30 cm’. Aside Ffrom bracing and

the higher value of C frame OH-10E3T'G is identical to frame

OH-10E3T.

The graphic design report of the braced frame, fig. 11, shows a
much more smooth iteration path than that of the sway frame. The
variables especially partaking in displacement control are seen

to be 2 of the 3 bracing groups, the 2 upper outer beam groups

and the upper outer column group. All the other groups are nicely
fully stressed.

An examination of the set of active constraints of the end of stage
1 reveals 10 active stress constraints and, 1 active displacement
constraint. With 15 yroups this indicates a weak optimum. Stage

2 therefore has only 11 active groups. Out of the 5 displacemcnt
controlling groups 4 are deactivated and 1, namely group 5, the
upper outer column, is kept active. This gives a rapid convergence

of stage 2 to a strong optimum.

The optimum design is completely controlled by constraints from

loadcase no. 2 except group 10 which 1s stress contrained in load-

case no. 1.

The fipal discrete design used as the initial design in stage 2
shows a total steel volume of 2.88 m' and a fundamental period of
T = 1.29 sec.

In comparison with the sway frame we now have a frame using 4%
less material even with a 33% higher lateral load coefficient and
even with a smaller fundamental period which induces still larger
lateral loads. ‘Thus bracing introduces lateral stiffness which
more than offsets the induced larger lateral loads.



When comparing the two kinds of frames, however, onc should also
consider Lhe added cost of erection which may well exceed the

saved cost of material.

In neither 10 storey frame did nonlinear gcometry in analysis

show noticeable effecty.

The optimal discrete design is shown below.

Group Optimal design Discrete Profile
no. area {(cm?) profile area (cm?)
1 127.14 HEB 280 131
2 234.91 HEB 500 239
3 122.40 HEB 260 118
4 133.65 HEB 280 131
5 89.28 HEB 240 106
6 83.44 HEB 220 91
7 70.58 IPE 360 72.7
8 58.10 IPE 330 62.6
9 116.00 IPE 500 116
10 43.02 IPE 270 45.9
11 98.80 IPE 450 9g8.8
12 44,19 iPE 270 45.9
13 332.00 GS 33 33
14 16 .05 GS 20 20
15 15.00 GS 15 15

Table 11. Discretized optimal design of frame OH-10E3FG
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5.3 Example 1, 30 storey 2 _l_mk'.

This frame named COH-30EZF is a high rise building frame with 150
elements. Symmetry plus suitable grouping, however, reduces the
number of design groups to 15. 1Two loadcases are treated. No. 1
with vertical loads only and no. 2 with vertical loads plus lateral
earthquake loads as defined on fig. 13. The lateral displacement
of the top is limited to 1/300 of the total height.

The initial design of the lower column groups is 300 cm® and of

the upper columns 200 cm®. The beams are all initially at their
maximal value 156 cm®.

After the initial 2 convergent fully stressed iterations the graphic
design report, fig. 14, shows a rather chaotic oscillating design
process bearing the mark of a very weak optimum. Accordingly, at
the end of stage 1 only the 3 lower central column groups are

fully stressed in loadcase no. 1 while the remaining 12 groups

are designed on the displacement constraint of loadcase no. 2.
Because of the decreasing movelimit the oscillations at the end

of stage 1 are starting to fade out and intermediate discrete values
may be chosen for all design variables as an initial design for
stage 2. The second stage has only 4 active variables, namely the

3 fully stressed plus the upper beam no. 15 which is chosen as the
displacement controller.

Stage 2 now shows the customary rapid convergence to a strong
optimum. The total steel volume exhibits a jump from the final
value of stage 1 to the final value of stage 2 which in this high
rise frame is attributable to the nonlinear geometric analysis used
in stage 2. Stage 2 run with linear geometric analysis yields a
steel volume of 12.06 m?® while nonlinear analysis requires 12.32 m°’,
an increase of 2%. The values of the upper beams no. 15 in the 2
cases are 80.05 cm® and 107.33 cm?reqmcUNehfand the greatest changes

in L values (stress levels) occur in the beams.

The overturning moment at any floor level is restricted partly by
moment action in the columns, partly by normal force action in the
outer columns. The distribution of moment stiffness in the frame
determines how much of the turning moment will be transmitted into
normal forces in the outer columns. An investigation of the stress

distribution based on the optimal stiffness distribution shows that




up to 95% of the overturning moment is taken by normal forces in
the columns. Hence it may be concluded that in high rise sway
frames efficient lateral displacement control reguires a stiff-
ness distribution that transmits the overturning moment into

normal forces in the outer columns.

The final discrete design using nonlinear geometric analysis has
a steel volume of 12.28 m* and a fundamental period of 3.71 sec.

The individual design values are shown below.

Group Optimal design Discrete Profile
no. area (cm?) profile area (cm?)
1 306.00 HEB 700 306

2 385.78 HEB 1000 400
3 239.00 HEB 500 239
4 303.96 HEB 700 306
5 181.00 HEB 360 181
6 230.24 HEBR 500 239
7 131.00 HEB 280 131
8 198.00 HEB 400 198
9 91.00 HEB 220 91
10 161.00 IIEB 320 161
11 156.00 IPE 600 156
12 156.00 IPE 600 156
13 134.00 IPE 550 134
14 134.00 IPE 550 134
15 107.33 IPE 450 98.8

Table 14. Discretized optimal design of frame OH-30E2F.
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6 Conclusions.

The recommended design strategy of chapter 4 which calls for

two fully stressed iterations, one common scaling for maximum
constraint value and finally a number of minimum volume redesigns
using sequential linear programming, has been shown through the
presented design examples to produce feasible minimum volume designs

with very little human inktervention once the problem has been properly

stated.

Structures with large numbers of elements may be designed by the
method, but care should always be taken to restrict the number of

actual design variables by suitable and realistic grouping of elements.

Using diminishing movelimits on all design variables convergence to
a unique design is always obtained, albeit perhaps slowly to a weak
optimum. 1In case of a weak optimum restating the problem with the
correct set of active design variables quarantees rapid convergence
to a strong optimum, i.e. to a unigue design without the help of

movelimits.

Design dependent loads like selfweight, equivalent earthquake loading
and extra loading due to nonlinear geometric analysis have been con-
sidered without posing any threat to the stdbility of the convergence

of the designs.

The recommended design strateqgy is perfectly general and may easily
be extended to include design of any structure amenable to finite

element analysis and having a finite number of discrete structural
constraints.

Although minimum volume mathematically is éhe design objective,

minimum volume is not the main virtue of the presented method, but
rather the ways and means of automatically obtaining a unigque, feasible
design which also happens to use less material than any other possible

feasible design with the same geometric layout.

In other words, rational, automatic design is deemed more virtuous

than optimality of design.
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Appendix 1. Description of the frame analysis.
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Notation

A,AREAM
A1,A2,A3
B4

C
CO—CS
E, EMOD
F,BND
FO
1,IMOM
IA,IB
IBEL
IDIS
TELM
IENS
IGRUP
IKE
TNO
IPROF
ISNIT

Xan

Riaza
LENS

LGRUP
LKE
LNSNIT
LPROF

Element area.

Stiffness constants.

Stiffness constant.

Structure factor in earthquake loading.
Stiffness constants.

Young's modulus.

Nodal force or load, global datum.

Initial load, global datum.

Moment of inertia.

Global node numbers of element.

Load case number.

Displacement number.

Element number.

Geometrically alike group number.

Design group number.

End fixity type number.

Node number.

Profile type number.

Stress check point number in element.
Submatrix of element stiffness, local datum.
Submatrix of element stiffness, global datum.
List of IENS'es
List of IGRUP's.
List of IKE's.
List of NSNIT's.
List of IPROF's.

Moment. in element.

-

Normal force in element.

Number of loadcases.

Number of elements.

Number of geometrically alike elements.
Number of nodes.

Number of stress check points in an element.
Nodal force or load, local datum.
Initial 8 , local datum.

Natural period.

Element connectivity.l

Maximum allowable displacement.

Modulus of section.

Lumped mass.




Stiffness constant.

£ Functional relation.

g " "

kl Stiffness parameter.

k1—k5 Stiffness paramcters.

1,8L Geometric length Qf element.

P Total distributed load on element.

r Slenderness ratio.

r,X Displacements, global datum.

u, Transversal displacement, local datum.
v Displacements, local datum.

va,VNF Lack of fit.

w,PJd Constant distributed load on elements.
x1,x1 Node coordinate.

x2,X2 Node coordinate.

6G Geometrical shortening.

6Gf 6G due to initial curvature xg.

Y , GAMMA Specific gravity.

Xg Initial constant curvature of element.
A Slenderness ratio.

A1,12,A Direction cosines. ‘

y Bending stiffness.

E Dimensionless distance to stress check point.

Special notation.

{(3=1,M) ji=1,2,3,4 ... M

vector or matrix.

i
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A1-1  The nodes.

The frame consists of NNO nodes connected by NELM straight beam

elements.

NINO.S
MnO,2

\ INO

. ————
{x4,%5) ST

Fig. A1-1 Global frame of reference and nodal displacements.

Each node is given a global node number TNO ¢ (1,NNO) and its

position is specified by the cartesian coordinates Xq 1%, where

I

X, X1 (INO) (A1-1)
X2 (INO)

*2
At each node 3 degrees of freedom or displacements exists, Directions

and numbering is as shown on fig. A1-1.

The displacements at node INO under loadcase IBEL are defined by

T = X(IBEL,IDIS) (A1-2)

INO, 1

where

IDIS = 3 x INO - 3 + i {i=1,3) (A1-3)
The total number of displacements is seen to equal 3 x NNO.

Supports and internal hinges give rise to superfluous degrees

of freedom at specific nodes.
Superfluous displacements are specified by assigning UST(IBEL,IDIS)=0.
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The corresponding displacements are set to zero.

Support directions must be specified. Internal hinges (only
hinged elements joining at the node) are recognized automatically

in procedure LES and the appropriate elements in the array UST

are set to zero.

Al1-2. 'The clements.

In order to specify an element, three categories of information is

needed, namely topology, geometry and stiffness.

al-2.1 The topological information is by definition numbering

information unaltered by variations in geometry. It is also un-

altered by variations in stiffness.

The foremost topological information is the connectivity of

the elements.

1B

IELM
1A

Fig. A1-2

The connectivity array TOPO gives the global node numbers of

elements, defined by

IA TOPO (IELM,1)

IB = TOPQ (IELM,?) (A1-4)

Many other element specifications havetopological nature. The

following specifications are included in the topological informa--

tion.



Fnd fixity.

There are four optional types of cnd fixity, designated by
parameter IKE LKE {IELM)

IKE
1 — ' fix - fix
2 £ - pin- fix
3 3 3 fix - pin
A pin - pin
A IELM 2,
IA I8

Fig. A1~3. End fiXities.

At present only IKE = 1 and IKE = 4 are fully implemented.

Group design.

For reasons like symmetry and continuity of profile sections
through several clements one wishes to be able to force groups

of elements to have the same area in the solution. Hence elements
arc grouped into NGRUP different groups. The connection is given
by IGRUP LGRUP (IELM) . The common area of elements with identical
group numbers then serves as one design variable. The concept of
group design is also important in reducing the total number of

design variables.

Profile tvpes.

One of four different profile types may be specified for each
group of variables by setting IPROF = LPROF (IGRUP) = 1, 2, 3 or 4.
The first three profile types are taken from the EURONORM profile
series and the fourth is a theoretical, geometrically similar

series (GS). Cfr. appendix 2.

IPROF Profile
1 IPE
2 HEA
3 HEB
4 GS

Fig. A1-4. Profile types.
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Stress choeck points.

Stress constraints are checked at NSNIT equidistantly spaced
stations along cach element. The stations are defined by the

dimensionless distance, 7, from the start of the element, where
£ = (ISNIT-1)/(NSNIT-1) {ISNIT=1,NSNIT) {(A1-5)

and

NSNIT = LNSNIT (IELM) (31-6)

Al1-2.2 Geometry of the elements.

The geometric information of the elements include the direction

cosines A1 and Az, the length 1 and the lack of fit VNE

N
i# to x5
1B
e .
IA s #tox,

Fig. A1-5., Element geometry.

In frames one often finds groups of elements with identical lengths

and direction cosines.

Let the number of different groups of (1, 11, 12) be NENS, then

define
1 = SL(IENS) = ((X1(IB) - X1(IA))% + (X2(IB) - X2(IA))%)*
(a1-7)
>1= A(IENS,1)= ((X1(IB) - X1(IA))/SL(IENS) (A1-8)
) ,= A(IENS,2)= ( X2(IB) - X2(IA))/SL(IENS) (A1-9)
where

IENS = LENS (IELM) (a1-10)



The lack of FEil VNf = VNF (IELM) is provided to facilitate a state
of geometric prestress. Vng €dquals the length one must elongate

an unstressed element to fit it into the reference configuration.

Special geometry of pin-pin elements in compression.

When LKE{IELM) = 4 and the element is in compression the following
additional geometry information is automatically assumed in the

program.

According to e.g. German codes of practice, the pin-pin elements
in compression are computed with a certain eccentricity of the
normal force and a certain initial curvature as shown in fig.
Al1-6.

Fig. A1-6. Eccentricity and initial curvature.
The eccentricity edquals r/20 where r is the radius of gyration.

The initial curvature is a constant curvature Xg = -0.016/1

corresponding to a maximum displacement equal to 1/500.

A1-2.3 Stiffness of the elements.

c IB
IA

Fig. A1-7. Element stiffnesses.




As explained under the element topology section, element areas
of identical profile type (i.e. identical IPROF number) can be
grouped to act as one design variable.

The moments of inertia I and the scction moduli W are therefore

grouped identically. Thus define the basic stiffness measures

A = AREA (IGRUP) (A1-11)
T = IMOM(IGRUP) = f (A,IPROF) (A1-12)
W = WMOM(IGRUP) = g (A,IPROF) (A1-13)

The functions f and g are empirical functions. Details are given

in appendix 2.

Young's modulus E = EMOD, is assumed equal for all profile types

and elements.

Inferred element stiffness measures include bending stiffness
u = BI/1, radius of gyration r = VI/A and slenderness ratio
A

1/r. These are calculated when needed.

Al1-3 Loadings.

NBEL different loadcases are treated simultaneously in the design
process. DBecause of the optional noniinecar .geometric analysis,
however, the loadcases are treated sequentially during analysis.

Provisions are made for constant nodal loads, distributed constant

and gravity loads on elements and prestressing loads on elements.

In addition to gravity loads another design dependent load, namely

an equivalent earthouake loading may be specified.

A1-3.1 Constant nodal loads.

Xk

F1
: NO.
Fino, 2 E

B —err———

Fig. A1-8 Constant nodal loads.



The constant loads are defined by

r BNO(IPEL, 3 x INO-2)

INO, 1
Fino,2 = BNO(IBLL, 3 x INO-1) (A1-14)
FIno,3 = BNO(IBEL, 3 x InO)

A1-3.2 Distributed element loads.

Fig,2

X2 N '
N Fig,3

N

IB

Fran
F —_—— _
1A \\jri~ I IX4 "
F}A.a
Fia2

Fig. A1-9 Distributed element loads.

The projection of the gravity load perpendicular to the element
is treated as a distributed load, while the projection along the
element is treated as concentrated loads acting on the nodes.

The specific gravity, Y. may depend on loadcase and profile

Y = GAMMA (IBEL, IPROF) (A1-14)
The constant load w may depend on loadcase and element

w = PJ(IBEL,IELM) (A1-15)

The gravity and constant loads together define the distributed

element load p




The action of the distributed element loads in the nodal directions

is given in section A1-5.

The gravity load projection along the element gives the following

nodal loads

it

" = F -'2-YA1‘

IA, 1 B, 1 o

{(A1-17)

H

N BN

F = F Ly AL

IA,Z2 IB,2

A1-3.3 The prestressing load.

If desired an automatic prestressing of all pin-pin elements will
be executed by specifying decision parameter AUTOVNF = 1. The
pin-pin elements are then given a lack of fit, VNf' yielding half
the allowable stress in tension in loadcase IBEL = 1. With this
amount of prestress the pin-pin clements will most likely stay

in tension under subsequent loadcases.

The contribution of the lack of fit based prestressing force,

Nf = VNfEA/l, to the total nodal load is given in section A1-5.

A1-3.4 The equivalent earthquake load.

The equivalent ecarthguake loading is based on the SEAOC Recommen-
dations, ref. [7]. It consists of lateral 'nodal loads which
depend upon the  distribution of the total mass, the total mass

itself, the fundamental period and the type of building frame.

This loading is invoked if decision parameter ANSVING = 1. The

loading is superposed on loadcase IBLL = 2.

The mass, WM(INO), lumped at node INO is defined as the total
vertical load at node INO divided by the acceleration of gravity,
g = 9.81 m/secz. The height above ground is taken as X2 (INO).

The fundamental period T, is calculated at the current design with

lumped masses, WM, using the iterative method shown in appendix 3.

The loading then consists of lateral nodal loads given by

Frno 4 = C- 222 g 5 WM(INO) __WM(INO) -X2(INO) ——
’ VT 1,NNO ¥ WM(INO) :-X2(INO)
1 ,NNO

Here C is a coefficient dependent on the type of building frame.

Sway frames have smaller values than braced frames. Values of
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€C = 1.00 and C = 1.33 have been used in the design examples.

Al1-4 TForce-displaccment relations of the elements.

Eiglip
28-Ys ’2}
2N 1

; ¢ \;\

=fx1
Fig. A1-10 Local and global directions.

Between local and global end displacements and forces simple

geometric relations exist. .

a A Q £IA
= (A1-19)
|AB | 9 A | X1B
-— T ol
Eral 2 2]]%a
= T (A1-20)
Ern] L2 A7 [Sm
where the orthogonal transformation matrix A is given by
A1 12 0
A =[x 0 (a1-21)
o 0 1

The following force-displacement relations are based on derivations
given by Holst, ref. [6]. Only expressions from the consistent
nonlinear geometric analysis are stated corresponding to decision
parameter ISTAB = 5. Linear geometric analysis is performed when

ISTAB = O, but will not be described here.



Al1-4.1 Transversal displacement.

Define the following deformation and stiffness parameters.

v = -
F= Ug,2 Va2
vV = v -V
A A,3 F
V. = Vv -V {A1-22)
B B, 3 F
v = v -V
N B,1 Al
_ /-N
kl = BT 1
The downward transversal displacement, u,, at a distance X = @1
from A is then given by
u, = C1sin kx/k + Czl cos kx + 03x + C4l + Ecoxz/l (A1-23)
where the real, dimensionless constants CO—C4 are
Cy = (p + N-x)/(BI(k1)?) (a1-24)
c (k1)2 - B, © v 1
1 1 A
_ 1 L 2
C2 = (kl)2 [ A1 A, 0 Va +‘&CO (A1+A2)/(kl) (A1-25)
_ - 2 '
C3 B, B, (k1) Vg 1
C4 = _VA,Z/l = C2 (A1-26)
and M
A, = (kl sin k1 - (k1) °cos k1)/d
A2 = (k1 sin k1 - (kl)z)/d (A1-27)
d =2 - 2 cos k1l - kl sin kl
By = A7R,

A1-4.2 Section forces.

From the transversal displacement Uy, the moment M is derived

g . "
M EX 1.12

- %? (c, k1 sin kx + Cz(kl)zcos kx = Cg) (A1-28)



The normal force N, is given by
{A1-29)

where VN and VNf are already defined and 5G equals geometric
shortening due to sway and curvature and 6Gf is GG due to initial

curvature.

The expression for GG is rather lengthy

1.2 2 L2 2 2
= L B
6G 21(§Co -+ c3 + c003 + ,(c1 + Cz(kl) )

+g(c$ - Cg(kl)z)cos k1 sin k1/kl - 2C,(C;(1-B,)/ (k1) >

+C,A,)d/ (k1) 2 - c,C,sin’kl + 2C5(Cysin kK1/k1l + C,(cos k1-1))

1(v§/2 + E(vy, vy, (p + Nxf)13/EI,k1)) (A1-30)

where deformation parameters are defined different from before

vV, = —v + v, - %1x
A A, 3 F £ (A1-31)
VB T Vp,3 T Vg T klxg

The expression for ﬁGf is very simple, due to the constant initial

curvature.

= 8g(vy = Vg = =%lx;, v, =kl =p =N = 0)

(13x§)/24 (A1-32)

Sge

Fig. A1-11 gives a graphic representation of Vg ‘ﬁf and GG = GGf'

The heavy linie shows the final displacement of the element with
the exception of a fixed body translation.

Fig. A1-11 Graphic representation of v r Vg and 8, ~ &

N Gf*




A1-5 Element end forces an

_80.-

d displacements.

In reference [6] the end force-displacement relations for one

element are given in local

K K

Sa AA ~AB A
7
) Kea Zps in

directions as

o
Ra
O

=B

(a1-33)

Applying the previously stated transformations between local and

global entities one obtains

EIA A Q Ean EAB A 9 1A A 9
Eig ) | AT K Kepi 12 A i ¥ Q AT
Krata Kiars| [Zra] | Eia
) Krpra Ximis] | X1 ' Eln
Writing out the equations for one loadcase gives
—FIA,1_ ]§k1+;%k2 Aqhy g=ky) =dok, =dik - 2ok, A lz(k ~k ;)
Fia,2 22 4a2k dqly Aphy (kymkgmA k= 0k,
Fia,3 Ky Jaky gl
Frpa| A2k A k2 A qhg (kg =ky)
Fin.2 Aok, +ASk,
"18.3] |
MSa, 1~ 2284, 2
+ | 235a,1 * MiSa,2
Sa,3
A155,1 - 2253, 2
Ay8p,1 + 2255,
| 5,3 |
where
k= T kg = 75 B
k. = EL 2 ! ET
2= 3 (2B4-(k1)“) kg = - =T Ay
ky = A

(A1-34)

-

Aqky

kg

Agky

k3

(A1-35)

(A1-36)



and
o _ _a0 - EA I ,
Sa,1 = “Si,1 T % 7 Sce " wg!
o] = Q = 1 _
SA,Z SB,Z iRl (A1-37)
o _ _aO - ) 2
SA,S = SB,3 {p + N xf)l A3
Ay = (2 - (Ag+Ay))/(2(k1)F) (A1-38)

The above stated element end force-displacement relations are
derived for fix-fix type elements (IKE=1). If the elements
are of the pin-pin type (IKE=4), then the same relations hold

albeit, with A1=A2=A3=O.

Al-6 Force-displacement relations of the total structure.

The preceding loadings and force-displacement relations of element
are all stated entirely in global node directions. Looping over
all elements, summing up all forces acting in each nodal direction
and requiring equilibrium of the forces one obtains the following
global force-displacement relations of the total structure.

F(x) = K(x)-x (A1-39)

~e

where F is the global loading vector (including the FO contributions),

K the global stiffness matrix and x the global displacement vector.

The equations are nonlinear and solved by the simple iterative

process

pix™) = g™ ) (A1-40)

Convergence defined bylﬁ(n)-z(n-nlf g(n—1)|/100 is rapidly achieved.

{2 or 3 iterations for normal building frames}.
Since K depends on X, only one loadcase may be solved at a time.

The actual solution of the linear equations in the iterative process
takes advantage of the symmetric band nature of K using a banded
matrix Cholesky decomposition scheme, explicitly bypassing all
equations belonging to removed degrees of freedom (UST(IBREL,IDIS)=0).
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The F vector is generated in procedure BEL.

In case of earthquake loads the natural period, T, is calculated
in procedure SVINGAN(cfr. appendix 3) and the E vector is augmented

in procedure EQUBE.

The K matrix is generated using procedures KEMAT and KEIKK, while
decomposition and back substitution is done in procedures MFSB and

MTDSBX respectively.

A1-7 Resulting element forces.

Once the global displacements are found the local element displace-
ments and deformation parameters are given by formulas (A1-13) and
(A1-22).

While the definition of deformation parameters vg and Vy applies
both to fix-fix and pin-pin type elements, the definition (A1-22)
of Va and Vg applies only to fix-fix type elements. In pin-pin
type elements parameters v, and vg are determined explicitly in
terms of the stiffness parameter kl, loading p and if the element
is in compression also the end eccentricity, initlal curvature

and the normal forco.

P
EEREREREREER
Mﬁﬁﬂt }ﬁktva
N-<—*" *—N

, L -

i
|

Fig. A1-12 Pin-pin type element with end eccentricity and initial

curvature xf.
Using the element end moment deformation relation (AIII31) of
ref. [6] and imposing symmetry (VA=VB & MA=ME) one finds

(p + Nxf)12A3 + MA
A~ W(A, + By)

(31-41}



..B]-.

In tension Xe = 0 and MA = 0 by definition which yields

ple3
Vp=Vg = U(A1 T Az) (A1-42)

In compression with initial constant curvature Xg with max displace-

ment equal to 1/500, and My, = -Nr/20 from end eccentricity equal

to r/20 one finds
2 r
(p + N.I‘f)l A3 - N 30

The sign of the initial curvature and the eccentricity is reversed

if p is negative.

The deformation parameters now being fully defined for both fix-fix
and pin-pin elements, one finds the desired moment and normal force

in the element using the formulas of section A1-4.2.
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Appendix 2.

Moments of inertia and section moduli for geometrically similar

profiles and available profile series.

In the case of geometrically similar (GS) profiles, i.e., profiles
where change of area does not change the shape of the profile, the
following two formulas apply

I=an?C=¢ - 107%(1008)2-0 (a2-1)

gal"? =g - 107 3(1008) 13 (A2-2)

W

I being the moment of inertia, W the section modulus, A the area

and «,B dimensionless constants for the particular profile.

The values of a,f for a few characteristic GS profiles are given
below

GS profile series o B/u

. 1
Solid sguare i5 2
Circular ring, 1 3 }mz !Zig
w = thickness/mean radius T T+iw
Solid circle = circular rin 1
’ I va

with o = 2

Table A2-1.

Regarding available profile series formulas of the same nature
apply. In order to illustrate this a number of EURONORM profile
series have been plotted in log I vs. Log A and log W vs. log A
diagrams. In this study the IPE, the HE-A and the HE-B profile
series are used. The diagrams in fig. A2-1 show how the empirically
obtained power functions (line segments in the log log diagram)

fit the HE~A profiles. Diagrams for the other profile series are
alike and not shown here. The line segments are determined by

the visually best fit and forced to pass through certain profiles
thus facilitating ease of calculation of the formulas.



0.1 = I
SECTION MODULUS VS AREA FOR HE-A PROFILES
.| SPECIFIC WEIGTH:¥=78 kN/m3 W=0.877351.10"%1004) 204827 |,
] YOUNG'S MODULUS:E =21.108 kN/m?2
= HE A
0] 1000
Q
o |
001
10~°(100A 164062
0.001
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Fig. A2-1. Log A vs. log I and log A vs. log W.
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Since the formulas contain dimensional constants it should be
remembered that meter is the chosen dimension of length.

For calculation purposes it 1s desirable that the radix in the
formulas has the order of magnitude 1, hence for the above mentioned

profile series a scaling factor oi 100 is chosen.

In general the formulas are described by

E_
FI(1OOA) - (A2-3)

Ew

il

A.l‘-AfsAz: I

W (A2-4)

Fw(1OOA)

For the IPE, the HE-A, the HE~B and the GS series the following

values apply.

100A 4 3

IPROF Profile 100A] FI110 E; Fw-1o E,
Series 2
0.0764
-
1 IPE 1.5600 3.42084 2.31026 1.50986 1.65410
0.212
2 HE-A T 1.41040 2.25915 1.03990 1.64062
1.980 1.24245 2.84863 0.38994 1.86951
5.470 0.91308 3.29956 0.87735 2.04627
0.26
3 HE-B 1.61 1.02348 2.31478 0.86732 1.67956
e 0.63302 3.32365 0.71585 2.08261
100A_.
4 GS 100Aml“ o 2.00000 B 1.50000
max
Table A2-2

Notice the difference in the exponents between the Geometrically
Similar series and the other series. Both E; and E, are greater
in the available series which gives greater increase in stiffness
for a given increase in area. Geometrically similar series are

seldom if ever used because of their poor economy.

The described relationships are implemented in procedure PROFIL.



Appendix 3.

Solution of the cigenproblem of a n dimensional discrete system

by an iterative method.

The oscillations of a discrete system can be described by the

cigenvalue problem

(K - fL Mly. = Q (A3-1)

~ . NNJ

3

where K is the global stiffness matrix (may depend on the normal
force distribution}, M is the inertia or mass matrix, xj is the
oscillationvector of the j'th eigenmode and Aj = (Tj/2n)2 is the
associated j'th eigenvalue and Tj the period of the j'th mode

oscillations.

Provided that the matrix p norm |f5_1‘ﬂllp < 1 and |A1|>[A2[>,,
.»|Am|>|Am+1|i ..i[An] the m largest eigenmodes can be determined
by the following iterative method (here stated without proof).

. < . . s . .
Starting with m = n linear independent approximations to the eigen-

vectors the iteration reads

u, = K -M-y (1) (5 = 1,m) (A3-2)
J-1 u,-M-z,

"%] = B] = §=1 m -%k (3 = 1,m) {A3-3)
(i+1) _ | ‘= -
Ay RESRRM (3 = 1,m) (A3-4)
(i+1) _ (i+1) . _
Y5 Zi/25 (3 = 1,m) (A3-5)

This method is an extension of the wellknown power method for the
largest eigenmode. It is based on the M orthogonality of the

eigenvectors and requires XK and M to be symmetric.

The Ej in equation (A3-2) is solved from the edquations

= ey, (1) . =
Kug = M-yy (3= 1,m
using the Cholesky method and solving for all m vectors simulta-

neously.




In equation (A3-4) the p = 1 norm is used because of simplicity.

1

. n =

(i+1) _ PyP

AL = . = P
; Hzgllp = & 125517
n

= §=1|zji| with p = 1 (A3-6)

Iterations are continued until a specified relative convergence

of the eigenvalues
|Aj(l+1) _ %(1)|< eps_|%(1)| (5=1,m) (A3~7)

With fair approximations to the eigenvectors this method converges

very rapidly.

In iterative design the eigenvectors of the previous step will
always be good approximations to the current eigenvectors and

thus justify the use of the above described iterative eigenproblem

solution.

In procedure SVINGAN the above method is implemented for a lumped
mass system. The mass matrix in a lumped mass system is diagonal

and for computational reasons the mass matrix is stored 1 dimensionally.
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Appendix 4. Program listings.

In this appendix all procedures are listed. In order to minimize
the computer main storage requirements the program is filted into

an overlay structure which is also listed.

Most of the proccedures are selfexplanatofy and/or explained in

chapter 4 or the first threc appendices.

Some of the procedures are completely general and can be used

outside of the present context.

DESIGN is the main procedure from which all other procedures directly

or indirectly are invoked.

Since some of the calculations in the Program require great ac-
curacy and the datamachine used is IBM 370/165 all reals are stored
in double prescision and consequently all calculations involving

reals are carried out in double prescision.

Typical resource demands for the three design examples of the main

report are shown below.

MAIN | LiN.ANAL. NONLIN. ANAL.

. |CORE cpru CPU
FRAME | NELM, NBEL,NDIS,NBAND (Kbytes) NAGRUPNITERA (Sed |NAGRUPNITERA (sec)
OH-2ELF & 1 48 8 | 404 4 5 | agl 4 3 5.0
OH-2E{FU 8 3 24 11 |4i06 4 8 8gz] 3 5.9
OH-10E3F | 70 3 432 44 (144 | 12 8 |m | 4 5 |4
OH-10E3FG 90 3 132 47 (152 | 15 § |15 | 44 3 |io7
OH-30E2F | 150 2 279 14 (174 | 15 & |20 | 4 a3 |57 ]

Table A4-1. Problems size and resource demand on IBM Model 370/165.
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